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A Note to the Reader

This collection consists of 555 problems in linear algebra, carefully collected over

the years from a wide range of mathematical sources. The problems have been gathered

from international and national mathematical undergraduate competitions, mathematical

journals and magazines, university entrance exams, problem books, and various other

training materials.

The problems are collected from sources including the International Mathemat-

ics Competition (IMC), William Lowell Putnam Mathematical Competition,

American Mathematical Monthly, Crux Mathematicorum, Romanian Math-

ematical Magazine, Gazeta Matematica, The College Mathematics Journal,

Mathematical Reflections Journal, Romanian District Olympiad, Romanian

National Mathematical Olympiad, Jozsef Wildt International Mathemati-

cal Competition, Vojtech Jarnik International Mathematical Competition,

OLYMPIC Toán Sinh viên toàn quoc, Berkeley Mathematics Competition,

ISI/CMI Entrance Exams, Iranian Mathematical Competition as well as various

other undergraduate mathematics competitions and problem collections.

I am deeply grateful to all the authors, problem setters, competition organisers, editors,

members of AOPS, and other mathematical communities whose work made this collection

possible. Their contributions have provided an invaluable source of challenging and

interesting problems for students and enthusiasts of mathematics.

Since several problems have been translated from Romanian and Vietnamese with the

assistance of Claude AI, there may be inaccuracies or ambiguities arising from translation

or interpretation. Every effort has been made to preserve the mathematical meaning of

the original problems; however, errors in translation, notation, or editing may still remain.

If you find any errors, inconsistencies, or omissions, or if you have a correction or a

suggestion for a new problem, please feel free to contact me by email at:

category.theory.for.cats@gmail.com

If you are interested in contributing to this collection by providing solutions to the

problems, you are welcome to contribute through the GitHub repository:

Collection of Linear Algebra Problems

https://github.com/ZetaZero-0/Collection-of-Problems


The latest PDF version of this handout is available at:

https://zetazero-0.github.io/notes.html



1. (Vandermonde determinant) Let

V =

⎛⎜⎜⎜⎜⎝
1 x1 x21 · · · xn−1

1

1 x2 x22 · · · xn−1
2

...
...

...
. . .

...

1 xn x2n · · · xn−1
n

⎞⎟⎟⎟⎟⎠ .

Show that detV =

∏︂
1≤i<j≤n

(xj − xi).

2. Let A and B be n× n matrices satisfying A+B = AB. Show that AB = BA.

3. Suppose A,B,C,D are n× n matrices, satisfying the conditions that ABT and

CDT are symmetric and ADT −BCT = I. Prove that ATD − CTB = I.

4. Do there exist square matrices A and B such that AB −BA = I?

5. Let A = (aij) be a real n× n matrix satisfying |aii| >
∑︂
j ̸=i

|aij| for all 1 ≤ i ≤ n.

Prove that A is invertible.

6. Let

A =

⎛⎜⎝ 0 2 −1

−2 0 2

1 −2 0

⎞⎟⎠
and let I3 denote the 3× 3 identity matrix.

(a) Verify that A+ I3 is nonsingular.

(b) Verify that (I3 − A)(I3 + A)−1 = (I3 + A)−1(I3 − A).

(c) Verify that the matrix Q = (I3 − A)(I3 + A)−1 is orthogonal (i.e., QT = Q−1).

(d) Determine all real eigenvalues of the matrix Q, along with their corresponding

eigenvectors.

(e) Prove properties (a), (b), and (c) for the general case where A is an arbitrary

3× 3 skew-symmetric matrix (AT = −A).
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7. Consider the quadratic form q(x) = xTAx, where

A =

⎛⎜⎝2 1 0

1 2 1

0 1 2

⎞⎟⎠ ,

and x ∈ R3 is a non-zero column vector.

(a) Determine the orthogonal transformation x = Qy that reduces the quadratic

form to its canonical form.

(b) Find the extreme values of the function g : R3 \ {(0, 0, 0)T} → R given by

g(x) =
xTAx

xTx
, as well as the vectors where these values are attained.

8. Let A ∈M2(C). Prove that for any positive integer p ∈ N∗,

det(Ap + I2) = (detA)p + tr(Ap) + 1.

9. Consider a matrix A ∈M2(C) such that detA = 1. Prove that

det(A2 + I2) + det(A2 + 2A− I2) = 8.

10. Let A ∈ M2(R) such that detA = d ̸= 0 and det(A + dA∗) = 0, where A∗

denotes the adjugate matrix of A. Prove that det(A− dA∗) = 4.

11. Let x > 0 be a real number and let A ∈M2(R) be a matrix such that det(A2 +

xI2) = 0. Prove that det(A2 + A+ xI2) = x.

12. Let A ∈M2(R). Prove that

det(A2 + A+ I2) ≥
3

4
(1− detA)2.

13. Let a, b ∈ R such that b − a2 > 0. Find all matrices A ∈ M2(R) satisfying

det(A2 − 2aA+ bI2) = 0.
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14. Let A ∈ M3(C) be a matrix such that all entries on the main diagonals of A

and A2 are zero. Prove that if | detA| < 1, then det(I3 + An) ̸= 0 for all n ∈ N∗.

15. Let A ∈M3(C) be an invertible matrix. Prove that if ATA−1 = B, then

det(I3 +B) = 2(1 + trB) and det(I3 +B2) = 2(1 + trB2).

16. Let A,B ∈ M3(C) such that (AB − BA)(AB − BA − I3) = O3. Prove that

AB = BA.

17. LetA ∈M4(R) be a symmetric matrix. Prove that det(A+I4) = 4
√︁
det(A2 + I4)

if and only if A = I4.

18. Let A ∈Mn(R). If AAT = In, prove that | trA| ≤ n.

19. Let n ≥ 2 be an integer, and let A,B,C ∈Mn(C) be three mutually commuting

matrices such that A1999 = B1999 = C1999 = On. Prove that the matrix In + A2 +

B2 + C2 is invertible.

20. Let A ∈Mn(Q) be a matrix such that det
(︂
A+

n
√
2 In

)︂
= 0. Prove that

det(A− In) = detA+
(︁
det(A+ In)

)︁n
.

21. Let A,B ∈Mn(C) be two matrices such that A2 − B2 = 2(AB − BA). Prove

that (AB −BA)n = On.

22. Let A,B ∈Mn(R) such that B2 = In and A2 = AB + In. Prove that

detA ≤

(︄
1 +

√
5

2

)︄n

.
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23. Let A ∈Mn(C) be a matrix of rank 1. Prove that for any complex number λ,

det(λIn + A) = λn + λn−1 trA.

24. Let A,X ∈Mn(R) be matrices such that rankX = 1. Prove that

det(A+X) det(A−X) ≤ (detA)2.

25. Let n ≥ 3 be an odd integer, and let A,B ∈ Mn(Z) be matrices such that

detA ̸= 0 and rankB = 1. Prove that the following statements are equivalent:

(i) detA = trB ∈ {−1, 1};

(ii) det(A∗ +BA−1)− det(A∗ − A−1B) = 2, where A∗ is the adjugate matrix of A.

26. Let {ak}∞k=1 be a sequence of complex numbers, and let b and c also be complex

numbers. For every positive integer k, define the k × k matrix Ak by

Ak :=

⎛⎜⎜⎜⎜⎜⎜⎜⎝

a1 b b · · · b

c a2 b · · · b

c c a3 · · · b
...

...
...

. . .
...

c c c · · · ak

⎞⎟⎟⎟⎟⎟⎟⎟⎠
.

1. When all aj = a for some complex number a and when b = c, establish the

following equation without using the formula in part 2 or the recursion in part

3: for k ≥ 1, det(Ak) = (a− b)k−1(a+ kb− b).

2. When k ≥ 2 and b = c, show that det(Ak) = 1− b
d

db

k∏︂
j=1

(aj − b).

3. Show that for k ≥ 2, det(Ak+1) = (ak + ak+1 − b − c) det(Ak) − (b − ak)(c −
ak) det(Ak−1).

27. Let A,B ∈ Mn(C) and P ∈ C[X] such that An = On and P (0) = 0. If

AB = BP (A), prove that det(A+B) = det(B).
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28. Let Tn = (ti,j) be the n× n matrix with ti,j = tan
(︁
(i+ j − 1)x

)︁
, i.e.,

Tn =

⎛⎜⎜⎜⎜⎝
tan x tan 2x · · · tannx

tan 2x tan 3x · · · tan(n+ 1)x
...

...
. . .

...

tannx tan(n+ 1)x · · · tan(2n− 1)x

⎞⎟⎟⎟⎟⎠ .

Prove that det(Tn) = (−1)⌊n/2⌋ secn(nx).

29. Let n be a positive integer and let A be the n× n matrix defined by Ai,j = 1 if

min(i, j) is odd, 2 if min(i, j) is even, i.e.,

A =

⎛⎜⎜⎜⎜⎜⎜⎜⎝

1 1 1 1 · · · 1

1 2 2 2 · · · 2

1 2 1 1 · · · 1

1 2 1 2 · · · 2
...

...
...

...
. . .

...

⎞⎟⎟⎟⎟⎟⎟⎟⎠
.

Show that A−1 exists and determine the number of zero entries in A−1.

30. Given two complex n× n positive-definite matrices A and B, let

C = 1
2
(A+B), D = A1/2

(︁
A−1/2BA−1/2

)︁1/2
A1/2;

the matrices C and D are the arithmetic mean and the geometric mean of A and B.

Prove that

(a) range(C −D) = range(A−B).

(b) range

(︄
C D

D C

)︄
= range

(︄
A B

B A

)︄
.
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31. Let ai ∈ R and let bi ∈ R. Define the n× n matrix

M =

⎛⎜⎜⎜⎜⎜⎜⎜⎝

a1b1 a1b2 a1b3 · · · a1bn

a2b1 a2b2 a2b3 · · · a2bn

a3b1 a3b2 a3b3 · · · a3bn
...

...
...

. . .
...

anb1 anb2 anb3 · · · anbn

⎞⎟⎟⎟⎟⎟⎟⎟⎠
.

What is the maximum rank of M? When does it attain maximum rank?

32. An n× n matrix A with real entries is called interesting if

A2 = 2AT − I and tr(A) + tr(A2) = 0.

a. Find all positive integers n such that an interesting matrix of size n× n exists.

b. Find the possible determinants of A for each positive integer n for which

interesting matrices of size n× n exist.

33. Let n ≥ 3. Let A be the n × n matrix with Ajk = cos(2π(j + k)/n). Find

det(I + A).

34. Let A and B be n× n matrices. Show that det(I + AB) = det(I +BA).

35. Let A,B,C,D be n× n matrices such that AC = CA. Prove that

det

(︄
A B

C D

)︄
= det(AD − CB).

36. Let A be a square matrix with real entries. Show that det(A2 + I) ≥ 0.

37. Let A,B,C be n×n real matrices that pairwise commute and ABC = O. Show

that det(A3 +B3 + C3) det(A+B + C) ≥ 0.

38. Let A and B be two n×n real matrices that commute. Suppose that det(A+B) ≥
0. Prove that det(Ak +Bk) ≥ 0 for all k ≥ 1.
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39. Let A be a real skew-symmetric square matrix (i.e., AT = −A). Prove that

det(I + tA2) ≥ 0 for all real t.

40. Let A and B be real symmetric matrices with all eigenvalues strictly greater

than 1. Let λ be a real eigenvalue of matrix AB. Prove that |λ| > 1.

41. Let V be a 10-dimensional real vector space and U1 and U2 two linear subspaces

such that U1 ⊆ U2, dimR U1 = 3 and dimR U2 = 6. Let E be the set of all linear

maps T : V → V which have U1 and U2 as invariant subspaces (i.e. T (U1) ⊆ U1 and

T (U2) ⊆ U2). Calculate the dimension of E as a real vector space.

42. Determine all pairs (a, b) of real numbers for which there exists a unique

symmetric 2× 2 matrix M with real entries satisfying trace(M) = a and det(M) = b.

43. For any integer n > 2 and two n× n matrices with real entries A,B that satisfy

the equation A−1 + B−1 = (A+ B)−1, prove that det(A) = det(B). Does the same

conclusion follow for matrices with complex entries?

44.

(a) Show that for anym ∈ N there exists a realm×m matrix A such that A3 = A+I

where I is the m×m identity matrix.

(b) Show that det(A) > 0 for every real m×m matrix satisfying A3 = A+ I.

45. Let A be the n× n matrix, whose (i, j)-th entry is i+ j for all i, j = 1, 2, . . . , n.

What is the rank of A?

46. Determine all complex numbers λ for which there exist a positive integer n and

a real n× n matrix A such that A2 = AT and λ is an eigenvalue of A.

47. Let A be a real n× n matrix such that A3 = 0.

(a) Prove that there is a unique real n × n matrix X that satisfies the equation

X + AX +XA2 = A.
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(b) Express X in terms of A.

48.

(a) Let A be an n × n, n ≥ 2, symmetric invertible matrix with real positive

elements. Show that zn ≤ n2 − 2n, where zn is the number of zero elements in

A−1.

(b) How many zero elements are there in the inverse of the n× n matrix

A =

⎛⎜⎜⎜⎜⎝
1 1 1 · · · 1

1 2 2 · · · 2

1 2 1 · · · 1
...

...
...

. . .
...

⎞⎟⎟⎟⎟⎠ ?

49. Let V be a real vector space, and let f, f1, f2, . . . , fk be linear maps from V to

R. Suppose that f(x) = 0 whenever f1(x) = f2(x) = · · · = fk(x) = 0. Prove that f is

a linear combination of f1, f2, . . . , fk.

50. Let A be a 3× 3 real matrix such that the vectors Au and u are orthogonal for

each column vector u ∈ R3. Prove that:

(a) AT = −A, where AT denotes the transpose of A;

(b) there exists a vector v ∈ R3 such that Au = v× u for every u ∈ R3, where v× u

denotes the vector product in R3.

51. Let aj = a0 + jd for j = 0, . . . , n where a0, d are fixed real numbers. Put

A =

⎛⎜⎜⎜⎜⎝
a0 a1 a2 · · · an

a1 a0 a1 · · · an−1

...
...

...
. . .

...

an an−1 an−2 · · · a0

⎞⎟⎟⎟⎟⎠ .

Calculate det(A).
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52. Compute the determinant of the n× n matrix A = [aij]:

aij =

⎧⎨⎩(−1)|i−j|, i ̸= j

2, i = j.

53. Let A be a real 4× 2 matrix and B be a real 2× 4 matrix such that

AB =

⎛⎜⎜⎜⎜⎝
1 0 −1 0

0 1 0 −1

−1 0 1 0

0 −1 0 1

⎞⎟⎟⎟⎟⎠ .

Find BA.

54. Let k be a positive integer. Find the smallest positive integer n for which there

exist k nonzero vectors v1, . . . , vk in Rn such that for every pair i, j of indices with

|i− j| > 1 the vectors vi and vj are orthogonal.

55. Let A be a real n × n matrix and suppose that for every positive integer m

there exists a real symmetric matrix B such that 2021B = Am + B2. Prove that

| detA| ≤ 1.

56. Let n be a positive integer. Find all n × n real matrices A with only real

eigenvalues satisfying A+ Ak = AT for some integer k ≥ n.

57. Let n ≥ 2 be an integer. What is the minimal and maximal possible rank of an

n× n matrix whose n2 entries are precisely the numbers 1, 2, . . . , n2?

58. Let M be an invertible matrix of dimension 2n× 2n, represented in block form

as

M =

(︄
A B

C D

)︄
, M−1 =

(︄
E F

G H

)︄
.

Show that detM · detH = detA.
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59. Let A and B be n× n real matrices such that rank(AB −BA+ I) = 1. Prove

that

trace(ABAB)− trace(A2B2) = 1
2
n(n− 1).

60. A four-digit number YEAR is called very good if the system

Y x+ Ey + Az +Rw = Y

Rx+ Y y + Ez + Aw = E

Ax+Ry + Y z + Ew = A

Ex+ Ay +Rz + Y w = R

of linear equations in the variables x, y, z, w has at least two solutions. Find all very

good YEARs in the 21st century.

61. Let A = (aij)
n
i,j=1 be a symmetric n × n matrix with real entries, and let

λ1, λ2, . . . , λn denote its eigenvalues. Show that∑︂
1≤i<j≤n

aiiajj ≥
∑︂

1≤i<j≤n

λiλj

and determine all matrices for which equality holds.

62. Let n be a fixed positive integer. Determine the smallest possible rank of an

n×n matrix that has zeros along the main diagonal and strictly positive real numbers

off the main diagonal.

63. Does there exist a real 3× 3 matrix A such that tr(A) = 0 and A2 + AT = I?

64. Let A1, A2, . . . , Ak be n × n idempotent complex matrices such that AiAj =

−AjAi for all i ̸= j. Prove that at least one of the given matrices has rank ≤ n/k.
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65. Determine all rational numbers a for which the matrix⎛⎜⎜⎜⎜⎝
a −a −1 0

a −a 0 −1

1 0 a −a
0 1 a −a

⎞⎟⎟⎟⎟⎠
is the square of a matrix with all rational entries.

66. Define the sequence A1, A2, . . . of matrices by the following recurrence:

A1 =

(︄
0 1

1 0

)︄
, An+1 =

(︄
An I2n

I2n An

)︄
(n = 1, 2, . . . )

where Im is the m × m identity matrix. Prove that An has n + 1 distinct integer

eigenvalues λ0 < λ1 < · · · < λn with multiplicities

(︃
n

0

)︃
,

(︃
n

1

)︃
, . . . ,

(︃
n

n

)︃
, respectively.

67. Let A,B ∈Mn(C) be two n× n matrices such that

A2B +BA2 = 2ABA.

Prove that there exists a positive integer k such that (AB −BA)k = 0.

68. Let n be a positive integer, and consider the matrix A = (aij)1≤i,j≤n, where

aij =

⎧⎨⎩1 if i+ j is a prime number

0 otherwise.

Prove that | detA| = k2 for some integer k.

69. Let n > 1 be an odd positive integer and A = (aij)i,j=1...n be the n× n matrix

with

aij =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
2 if i = j

1 if i− j ≡ ±2 (mod n)

0 otherwise.

Find det(A).
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70. Let A be an n×n-matrix with integer entries and b1, . . . , bk be integers satisfying

detA = b1 · · · bk. Prove that there exist n×n matrices B1, . . . , Bk with integer entries

such that A = B1 · · ·Bk and detBi = bi for all i = 1, . . . , k.

71. Let v0 be the zero vector in Rn and let v1, v2, . . . , vn+1 ∈ Rn be such that the

Euclidean norm |vi − vj| is rational for every 0 ≤ i, j ≤ n+ 1. Prove that v1, . . . , vn+1

are linearly dependent over the rationals.

72. In the linear space of all real n×nmatrices, find the maximum possible dimension

of a linear subspace V such that ∀X, Y ∈ V , trace(XY ) = 0.

73. For n ≥ 1 let M be an n × n complex matrix with distinct eigenvalues

λ1, λ2, . . . , λk with multiplicities m1,m2, . . . ,mk respectively. Consider the linear

operator LM defined by LM(X) = MX +XMT , for any complex n × n matrix X.

Find its eigenvalues and their multiplicities.

74. Let A be an n × n real matrix such that 3A3 = A2 + A + I. Show that the

sequence Ak converges to an idempotent matrix.

75. Let A,B be square complex matrices of the same size such that rank(AB−BA) =
1. Show that (AB −BA)2 = 0.

76. Let α ∈ R \ {0} and suppose that F and G are linear maps (operators) from

Rn into Rn satisfying F ◦G−G ◦ F = αF .

(a) Show that for all k ∈ N one has F k ◦G−G ◦ F k = αkF k.

(b) Show that there exists k ≥ 1 such that F k = 0.

77. Let A be n× n diagonal matrix with characteristic polynomial

(x− c1)
d1(x− c2)

d2 · · · (x− ck)
dk

where c1, c2, . . . , ck are distinct. Let V be the space of all n× n matrices B such that

AB = BA. Prove that the dimension of V is d21 + d22 + · · ·+ d2k.
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78. Let n be a positive integer. At most how many distinct unit vectors can be

selected in Rn such that from any three of them, at least two are orthogonal?

79. Let A be a symmetric m ×m matrix over the two-element field all of whose

diagonal entries are zero. Prove that for every positive integer n each column of the

matrix An has a zero entry.

80. Let A and B be real n× n matrices. Assume that there exist n+ 1 different

real numbers t1, t2, . . . , tn+1 such that the matrices Ci = A+ tiB, i = 1, 2, . . . , n+ 1

are nilpotent (i.e. Cn
i = 0). Show that both A and B are nilpotent.

81. The linear operator A on the vector space V is called an involution if A2 = E

where E is the identity operator on V . Let dimV = n <∞.

(i) Prove that for every involution A on V there exists a basis of V consisting of

eigenvectors of A.

(ii) Find the maximal number of distinct pairwise commuting involutions on V .

82. Determine all positive integers n for which there exist n × n real invertible

matrices A and B that satisfy AB −BA = B2A.

83.

(a) Let f : Mn → R be a linear map from the space Mn = Rn2

of real n × n

matrices to the reals. Prove that there exists a unique matrix C ∈ Mn such

that f(A) = tr(AC) for any A ∈Mn.

(b) Suppose in addition to (a) that f(AB) = f(BA) for any A,B ∈ Mn. Prove

that there exists λ ∈ R such that f(A) = λ · tr(A).

84. An n× n complex matrix A is called t-normal if AAT = ATA where AT is the

transpose of A. For each n, determine the maximum dimension of a linear space of

complex n× n matrices consisting of t-normal matrices.
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85. Let A be an n × n complex matrix whose eigenvalues have absolute value at

most 1. Prove that ∥An∥ ≤ nln 2∥A∥n−1. (Here ∥B∥ = sup
∥x∥≤1

∥Bx∥ for every n × n

matrix B and ∥x∥ =

⌜⃓⃓⃓
⎷⃓

n∑︂
i=1

|xi|2 for every complex vector x ∈ Cn.)

86. Let A be an n× n matrix with complex entries and suppose that n > 1. Prove

that

AA = In ⇐⇒ ∃S ∈ GLn(C) such that A = S−1S.

87. Determine whether there exist an odd positive integer n and n× n matrices A

and B with integer entries, that satisfy the following conditions:

(a) det(B) = 1

(b) AB = BA

(c) A4 + 4A2B2 + 16B4 = 2019I

88. For each positive integer k, find the smallest number nk for which there exist

real nk × nk matrices A1, A2, . . . , Ak such that all of the following conditions hold:

(1) A2
1 = A2

2 = · · · = A2
k = 0,

(2) AiAj = AjAi for all 1 ≤ i, j ≤ k, and

(3) A1A2 · · ·Ak ̸= 0.

89. For an m×m real matrix A, eA is defined as

∞∑︂
n=0

1

n!
An. (The sum is convergent

for all matrices.) Prove or disprove that for all real polynomials p and m×m real

matrices A and B, p(eAB) is nilpotent if and only if p(eBA) is nilpotent.
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90. For n ≥ 0 define matrices An and Bn as follows: A0 = B0 = (1) and for every

n > 0,

An =

(︄
An−1 An−1

An−1 Bn−1

)︄
, Bn =

(︄
An−1 An−1

An−1 0

)︄
.

Denote the sum of all elements of a matrixM by S(M). Prove that S(Ak−1
n ) = S(An−1

k )

for every n, k ≥ 1.

91. Let Ai, Bi, Si (i = 1, 2, 3) be invertible real 2× 2 matrices such that:

(1) not all Ai have a common real eigenvector;

(2) Ai = S−1
i BiSi for all i = 1, 2, 3;

(3) A1A2A3 = B1B2B3 =

(︄
1 0

0 1

)︄
.

Prove that there is an invertible real 2× 2 matrix S such that Ai = S−1BiS for all

i = 1, 2, 3.

92. Let An×n and Bn×n be two matrices which differ only by one row/column. Show

that det(A+B) = 2n−1{det(A) + det(B)}.

93. Let A = (aij) and B = (bij) be two square matrices of the same dimension.

(a) Let aij = ρ|i−j|; show that det(A) = (1− ρ2)n−1.

(b) Suppose now bij = ρi−jaij. Find det(B) in terms of ρ.

94. Consider the matrix

Bn×n(x) =

⎛⎜⎜⎜⎜⎜⎜⎜⎝

1 x 0 · · · 0

x 1 x · · · 0

0 x 1 · · · 0
...

...
...

. . .
...

0 0 0 · · · 1

⎞⎟⎟⎟⎟⎟⎟⎟⎠
, x ∈ R;

find det(Bn×n(x)) for any x ∈ R. What if x = 1
2
?
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95. Prove that ⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓
1 + a1 a2 · · · an

a1 1 + a2 · · · an
...

...
. . .

...

a1 a2 · · · 1 + an

⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓ = 1 +

n∑︂
i=1

ai.

96. Let g(x) =

n∏︂
i=1

(ui − x) and let

∆n =

⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓⃓⃓
⃓

u1 a a · · · a

b u2 a · · · a

b b u3 · · · a
...

...
...

. . . a

b b b · · · un

⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓⃓⃓
⃓
.

(a) Show that if a ̸= b then ∆n =
bg(a)− ag(b)

b− a
.

(b) Also show that if a = b then ∆n = a

n∑︂
i=1

gi(a) + ungn(a) where gi(a) =
g(a)

ui − a

for i = 1, . . . , n.

(c) Use (b) to evaluate det
(︁
(a− b)In + b1n1

T
n

)︁
.

97. Show that if a ̸= b then⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓⃓

a+ b ab 0 0 · · · 0

1 a+ b ab 0 · · · 0

0 1 a+ b ab · · · 0

0 0 1 a+ b · · · 0
...

...
...

...
. . .

...

0 0 0 · · · 1 a+ b

⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓⃓
=
an+1 − bn+1

a− b
;

what if a = b?
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98. Let p < n be any two positive integers. Prove that det(∆n,p) = 1 where ∆n,p is

the matrix with (i, j)-th entry δn,pij =

(︃
n+ i− 1

j − 1

)︃
for 1 ≤ i, j ≤ p+ 1.

99. Prove that the determinant of a circulant matrix is of the following form:⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓
c1 c2 c3 · · · cn

cn c1 c2 · · · cn−1

...
...

...
. . .

...

c2 c3 c4 · · · c1

⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓ = (−1)n−1

n∏︂
k=1

⎛⎜⎝
n∑︂

j=1

ζk(j−1)cj

⎞⎟⎠

where ζ = e2πi/n.

100. Given distinct integers x1, x2, . . . , xn, prove that

∏︂
i>j

(xi − xj) is divisible by

n−1∏︂
k=1

k!.

101. Let fij(t) be a differentiable function of t. Then show that

d

dt

⃓⃓⃓⃓
⃓⃓⃓⃓f11(t) · · · f1n(t)

...
. . .

...

fn1(t) · · · fnn(t)

⃓⃓⃓⃓
⃓⃓⃓⃓ = n∑︂

j=1

det(Fj(t))

where Fj(t) is the matrix with the j-th row differentiated.

102. If A is an n× n matrix over C then show that | det(A)| ≤

n∏︂
i=1

⎛⎜⎝
n∑︂

j=1

|aij|

⎞⎟⎠.
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103. Show that the determinant of the Cauchy matrix A = (aij) where aij =
1

xi + yj
is of the following form:

det(A) =

∏︂
i>j

(xi − xj)(yi − yj)∏︂
i,j

(xi + yj)
.

104. (The Binet–Cauchy Formula) Let A and B be matrices of size n × m and

m× n where n ≤ m. Then show that

det(AB) =

∑︂
1≤k1<k2<···<kn≤m

Ak1,k2,...,knBk1,k2,...,kn

where Ak1,...,kn is the minor obtained from A using columns k1, . . . , kn and Bk1,...,kn is

the minor obtained from B using rows k1, . . . , kn.

105. Let M be an n× n matrix such that M +MT = On. Prove that for all ϵ ∈ R,
det(In + ϵM2) ≥ 0.

106. Let Si =

n∑︂
j=1

bij. Prove that

⃓⃓⃓⃓
⃓⃓⃓⃓S1 − b11 · · · S1 − b1n

...
. . .

...

Sn − bn1 · · · Sn − bnn

⃓⃓⃓⃓
⃓⃓⃓⃓ = (−1)n−1(n− 1) det(B)

where B = (bij)
n
i,j=1.

107. Prove that ⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓
a11 · · · a1n b1
...

. . .
...

...

an1 · · · ann bn

c1 · · · cn 0

⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓ = −

∑︂
i,j

bicjAij
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where Aij is the cofactor of aij in A.

108. Let u and v be columns of length n. Prove that adj(I−uvT ) = uvT +(1−vTu)I.

109. Let A,B,C,D be n× n matrices such that ABCD = I. Show that ABCD =

DABC = CDAB = BCDA = I.

110. Find the inverse of the matrix A = (aij)
n
i,j=1 where aij = min(i, j) for i, j =

1, . . . , n.

111. Let A,B,C,D ∈Mn×n(R) and the matrix

(︄
A B

C D

)︄
has rank n. Show that

⃓⃓⃓⃓
⃓det(A) det(B)

det(C) det(D)

⃓⃓⃓⃓
⃓ = 0;

also if A is invertible, then D = CA−1B.

112. Let A and B be n× n complex matrices. Show that⃓⃓⃓⃓
⃓A B

B A

⃓⃓⃓⃓
⃓ = det(A+B) det(A−B).

Let E = A+B and F = A−B. If E and F are invertible then(︄
A B

B A

)︄−1

=
1

2

(︄
E−1 + F−1 E−1 − F−1

E−1 − F−1 E−1 + F−1

)︄
.

113. Let A ∈Mn(R) be a skew-symmetric matrix. Show that det(A) ≥ 0.

114. Show that if A,B ∈Mn(R) such that AB = BA then det(A2 +B2) ≥ 0.

115. Let A,B ∈ M2(R) such that AB = BA and det(A2 + B2) = 0. Prove that

det(A) = det(B).

23



116. Let A ∈ M2(R) such that det(A) = −1. Show that det(A2 + I2) ≥ 4. When

does the equality hold?

117. Let A,B ∈M3(C) such that det(A) = det(B) = 1. Show that det(A+
√
2B) ̸=

0.

118. Let A,B ∈M2(R). Show that det
(︁
(AB +BA)4 + (AB −BA)4

)︁
≥ 0.

119.

(a) Let A be a matrix from M2(C), A ̸= aI2 for any a ∈ C. Prove that the matrix

X from M2(C) commutes with A, that is, AX = XA, if and only if there exist

two complex numbers α, α′ such that X = αA+ α′I2.

(b) Let A,B and C be matrices from M2(C), such that AB ̸= BA, AC = CA and

BC = CB. Prove that C commutes with all matrices from M2(C).

120. Let A,B,C ∈M3(R) such that det(A) = det(B) = det(C) and det(A+ iB) =

det(C + iA). Prove that det(A+B) = det(C + A).

121. Let A ∈Mn(R). If ATA = In, prove that: a) |Tr(A)| ≤ n; b) If n is odd, then

det(A2 − In) = 0.

122. Consider the matrices A,B ∈M3(C) with A = −AT and B = BT . Prove that

if the polynomial function defined by f(x) = det(A+ xB) has a multiple root, then

det(A+B) = detB.

123. Let A,B ∈ M2(C) be two non-zero matrices such that AB + BA = O2 and

det(A+B) = 0. Prove that A and B have null traces.

124. Let A,B be 2× 2 matrices with real elements such that AB = A2B2 − (AB)2

and det(B) = 2.

(a) Prove that the matrix A is not invertible.
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(b) Calculate det(A+ 2B)− det(B + 2A).

125.

(a) Give an example of matrices A and B fromM2(R) such that A2+B2 =

(︄
2 3

3 2

)︄
.

(b) Let A and B be matrices from M2(R) such that A2 +B2 =

(︄
2 3

3 2

)︄
. Show that

AB ̸= BA.

126. Show that the function f :M2(C) →M2(C), f(X) = Xn, is not injective nor

surjective for all n ≥ 2.

127. Let A,B ∈M2(R). Prove that det(A2 +B2) ≥ det(AB −BA).

128. Let A,B ∈M2(R) such that det(AB +BA) ≤ 0. Show that det(A2 +B2) ≥ 0.

129. Let A ∈ M3(R) such that r(A) = tr(A2) = 0. Show that det(A2 + I3) =

(det(A))2 + 1.

130. Let A ∈M3(C) such that tr(A) = tr(A2) = 0. Show that if | det(A)| < 1 then

the matrix I3 + An is invertible for all n ≥ 1.

131. Let A,B ∈M2(R) be two matrices with positive entries. Show that (AB)2 =

(BA)2 if and only if AB = BA.

132. Let A ∈M2(R) such that det(A) ≥ 0. Show that

det(An + I2) + det(An − I2) ≥
1

2n−2
(det(A) + 1)n.

133. Let A ∈M2(R) be a matrix such that A ̸= adj(A) and A3 = (adj(A))3. Show

that det(A) = tr2(A).
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134. Find all polynomials P with real coefficients with the following property: for

any two matrices A,B ∈M2(R) with A ̸= B we have P (A) ̸= P (B).

135. Let A,B ∈M2(Z) with AB = BA such that det(A) = det(B) = 0. Show that

det(A3 +B3) is the cube of an integer.

136. Let n ≥ 3 be a positive integer. Determine X ∈M2(R) such that

Xn +Xn−2 =

(︄
1 −1

−1 1

)︄
.

137. Let A ∈M2(R) such that tr(A) > 2. Show that An ̸= I2 for all n ≥ 1.

138.

(a) Let A ∈M3(C) such that A2 = O3. Show that tr(A) = 0.

(b) Let A ∈M3(C) such that tr(A) = tr(A2) = 0. Show that det(A) = 0.

139. Show that the equation Xn = I2 has at least n solutions in M2(R) with n ≥ 1.

140. Find all matrices A ∈M2(Z) such that det(A3 + I2) = 1.

141. Let A,B ∈ M2(Z) such that AB = BA and det(B) = 1. Show that if

det(A3 +B3) = 1, then A2 = O2.

142. Let A,B ∈ M2(R) with AB = BA. If there exists a positive integer n such

that det(A2n +B2n) = 0 then the matrices A and B are simultaneously invertible or

non-invertible.

143. Let A,B ∈ M2(R) such that A2 + B2 = 2AB. Prove that AB = BA and

tr(A) = tr(B).
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144. Show that if A,B,C ∈M3(C) verify A3 = B3 = C3 = O3 and they commute

pairwise, then ABC = O3.

145. Let A,B ∈M3(C). Show that det(AB −BA) = tr
(︁
AB(BA− AB)BA

)︁
.

146. Let A,B ∈Mn(R), A ≠ B, such that A3 = B3 and A2B = AB2. Is it possible

that the matrix A2 +B2 is invertible?

147. Let A,B ∈Mn(R) such that (AB)2 = On. Is it true that (BA)2 = On?

148. Let A,B ∈ Mn(R) such that AAT = In and BBT = In, with n odd. Show

that at least one of the matrices A+B and A−B is singular.

149. Let A,B ∈Mn(R) with B2 = On. Show that det(AB +BA+ In) ≥ 0.

150.

(a) Find two matrices A,B ∈ M2(C) such that A2 + B2 = I2 and AB − BA is

nonsingular.

(b) Let n be odd and A,B ∈Mn(C) such that A2 +B2 = In. Show that det(AB −
BA) ≥ 0.

151. Let A,B,C ∈M2(R) be matrices that commute pairwise such that det(A) = 0.

Show that det(A2 +B2 + C2) ≥ 0.

152. Show that if A ∈M3(Q) such that A8 = I3, then A
4 = I3.

153. Let A ∈ Mn(R) such that | tr(A)| > n. Show that Ak ̸= Ap for all k, p ∈ N,
k ̸= p.

154. Let A be an n × n matrix with real entries. Show that tr(Ak) = 0 for all

k = 0, 1, . . . , n if and only if An = On.
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155.

(a) Are there matrices A,B ∈M3(C) such that (AB −BA)2 = I3?

(b) Are there matrices A,B ∈M3(C) such that (AB −BA)1993 = I3?

156. Let A and B be two matrices from M3(C) such that (AB)2 = A2B2 and

(BA)2 = B2A2. Prove that (AB −BA)3 = O3.

157. Let A,B be two matrices from M3(C) such that A2 = AB +BA. Prove that

the matrix AB −BA is singular.

158. Let A,B ∈Mk(R) with AB = BA. Show that det(A+B) ≥ 0 if and only if

det(An +Bn) ≥ 0 for all n ≥ 1.

159. Let r, s be odd prime numbers and A,B ∈ Mn(C) such that AB = BA,

Ar = In and Bs = In. Show that the matrix A+B is invertible.

160. Let n, k ≥ 1 and A1, A2, . . . , Ak ∈Mn(R). Show that det

⎛⎜⎝
k∑︂

i=1

AT
i Ai

⎞⎟⎠ ≥ 0.

161. Let A,B,C,D ∈Mn(C) where A and C are invertible. If AkB = CkD for all

k ≥ 1 then show that B = D.

162. Let A0, A1, . . . , An ∈ M2(R), n ≥ 2, be n+ 1 matrices such that A0 ̸= a · A2

for any real a and A0Ak = AkA0 for all k = 1, 2, . . . , n. Show that

(a) det

⎛⎜⎝
n∑︂

k=1

A2
k

⎞⎟⎠ ≥ 0;

(b) If det

⎛⎜⎝
n∑︂

k=1

A2
k

⎞⎟⎠ = 0 and A2 ̸= a ·A1 for any real number a, then

n∑︂
k=1

A2
k = On.
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163. Let A ∈ M2(C) and C(A) = {B ∈ M2(C) : AB = BA}. Show that | det(A+

B)| ≥ | det(B)| for any B ∈ C(A) if and only if A2 = O2.

164. Let M = {A ∈M2(C) : det(A− zI2) = 0 ⇒ |z| < 1}. Show that if A,B ∈M

and AB = BA, then AB ∈M .

165. Let A ∈Mn(Z). Show that det(A4 + In) ̸= 13.

166. Let A,B ∈ Mn(C). Show that if the equation AX +XB = C, with X,C ∈
Mn(C), has a solution for all C ∈Mn(C), then det(A) ̸= 0 or det(B) ̸= 0.

167. Let A ∈Mn(Z), m > 1, such that gcd(m, det(A)) = 1. Show that the matrix

A2 + A+m · In is nonsingular.

168. Let A ∈ M2(Z) different from the null matrix. Show that the following

assertions are equivalent: (i) 4 det(A) = (tr(A))2 and A ≠ k · I2 for k ∈ Z; (ii) for any
matrix B ∈M2(Z) which commutes with A, det(A2 +B2) is the square of an integer.

169. Consider the matrices A,B ∈Mn(C) and the polynomial f ∈ C[X], f(X) =

det(A+X ·B). Show that the degree of the polynomial f is less than or equal to the

rank of the matrix B.

170.

(a) Let A be a square matrix of size 3, with real entries. Show that if f is a

polynomial with real coefficients, but with no real roots, then f(A) ̸= O3.

(b) Show that there exists a positive integer n such that (A − adj(A))2n + A2n +

(adj(A))2n = O3 if and only if det(A) = 0.

171.

(a) Show that any matrix A ∈M4(C) can be written as the sum of four matrices

Bi ∈M4(C), i = 1, 2, 3, 4, of rank 1.

(b) Show that I4 cannot be written as the sum of four matrices of rank 1.
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172. Let A,B ∈ Mn(C) such that there exists k > 1 with Bk = On. Show that if

AB = BA, then det(A+B) = det(A).

173. Let A,B be two n× n matrices with complex entries, and p, q fixed positive

integers such that AB = BA and Ap = Bq = On. Show that the matrix A+B + In

is invertible.

174. Let m,n > 2 be integers. The matrices A1, A2, . . . , Am ∈ Mn(R) are not all

nilpotent. Prove that there is an integer k > 0 such that Ak
1 + Ak

2 + · · ·+ Ak
m ̸= On.

175. Let A,B be 3× 3 matrices with real entries such that AB = O3.

(a) Prove that f : C → C, f(x) = det(A2 +B2 + x ·BA) is a polynomial function

of degree not greater than 2.

(b) Prove that det(A2 +B2) ≥ 0.

176. Consider a positive integer n and A,B two matrices in Mn(C) such that

A2 +B2 = 2AB. Prove that:

(a) The additive commutator AB −BA is not invertible;

(b) If the matrix A−B has rank 1, then matrices A and B commute.

177. Let A be an invertible matrix in M4(R) such that tr(A) = tr(adj(A)) ̸= 0.

Prove that the matrix A2 + I4 is singular if and only if there exists a nonzero matrix

B in M4(R), so that AB = −BA.

178. Consider two nonnegative integers n and k such that n ≥ 2 and 1 ≤ k ≤ n− 1.

Suppose that a matrix A ∈Mn(C) has exactly k minors of order n− 1 which are null.

Prove that det(A) ̸= 0.

179. Let A be a non-invertible square matrix of size n, n > 2, with real entries, and

let adj(A) be the adjugate of A. Prove that tr(adj(A)) ̸= −1 if and only if the matrix

In + adj(A) is invertible.
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180. Consider 1 ≤ a1 < a2 < a3 < a4 and x1 < x2 < x3 < x4 be real numbers and

M = (a
xj

i )1≤i,j≤4 be a square matrix of size 4. Show that det(M) > 0.

181. Let S(X) be the sum of all the entries of the matrix X ∈Mn(R). Show that

for any matrices A1, A2, . . . , Ak ∈Mn(R) we have the following inequality:

S2(A1A
T
2 ) · S2(A2A

T
3 ) · · ·S2(AkA

T
1 ) ≤ S2(A1A

T
1 ) · S2(A2A

T
2 ) · · ·S2(AkA

T
k ).

182. Let n > k and let A1, A2, . . . , Ak be real n× n matrices of rank n− 1. Prove

that A1A2 · · ·Ak ̸= (has rank strictly less than n; state and prove the appropriate

rank bound).

183. Two matrices A,B of the same size having real entries satisfy A2002 = B2003 =

In and AB = BA. Show that A+B + In is invertible.

184. Let A be an n× n matrix of real numbers for some n ≥ 1. For each positive

integer k, let A[k] be the matrix obtained by raising each entry to the k-th power.

Show that if Ak = A[k] for k = 1, 2, . . . , n+ 1, then Ak = A[k] for all k ≥ 1.

185. Let A and B be 2× 2 matrices with integer entries such that A,A+ B,A+

2B,A+3B, and A+4B are all invertible matrices whose inverses have integer entries.

Show that A+ 5B is invertible and that its inverse has integer entries.

186. Let A,B,C ∈ Mn(R) such that ABC = On and rank(B) = 1. Prove that

AB = On or BC = On.

187. Let A,B ∈Mn(C) such that AB = BA and det(B) ̸= 0.

(a) If | det(A+ zB)| = 1 for any z ∈ C such that |z| = 1 then An = On.

(b) Is the statement from (a) still true if AB ̸= BA?

188. Let A be an n × n matrix with complex elements. Prove that A−1 = A if

and only if there exists an invertible matrix B with complex elements such that

A = B−1B.
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189. Let A = (aij)1≤i,j≤n be a real n× n matrix, such that aij + aji = 0 for all i, j.

Prove that for all non-negative real numbers x, y we have

det(A+ xIn) · det(A+ yIn) ≥ det(A+
√
xy In)

2.

190. Let A,B ∈M2(R) that satisfy A2 +B2 = AB. Prove that (AB −BA)2 = O2.

191. Let n ∈ N, n ≥ 2.

(a) Give an example of two matrices A,B ∈ Mn(C) such that rank(AB) −
rank(BA) = ⌊n/2⌋.

(b) Prove that for all matrices X, Y ∈ Mn(C) we have rank(XY ) − rank(Y X) ≤
⌊n/2⌋.

192.

(a) Find a matrix A ∈M3(C) such that A2 ̸= O3 and A3 = O3.

(b) Let n, p ∈ {2, 3}. Prove that if there is a bijective function f :Mn(C) →Mp(C)
such that f(XY ) = f(X)f(Y ) for all X, Y ∈Mn(C), then n = p.

193.

(a) Let A,B ∈ M3(R) such that rank(A) > rank(B). Prove that rank(A2) ≥
rank(B2).

(b) Find the non-constant polynomials f ∈ R[X] such that for all A,B ∈ M4(R)
with rank(A) > rank(B), we have rank(f(A)) > rank(f(B)).

194. Let p ≥ 2 be an integer and A an n× n matrix with real elements such that

Ap+1 = A.

(a) Prove that rank(A) + rank(In − Ap) = n.

(b) Prove that if p is prime then rank(In − A) = rank(In − A2) = · · · = rank(In −
Ap−1).
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195. Let A,B ∈ Mn(R). Prove that rank(A) + rank(B) < n if and only if there

exists an invertible matrix X ∈Mn(R) such that AXB = On.

196. Let S1, S2, . . . , S2n−1 be the nonempty subsets of {1, 2, . . . , n} in some order,

and let M be the (2n − 1)× (2n − 1) matrix whose (i, j) entry is

mij =

⎧⎨⎩0 if Si ∩ Sj = ∅

1 otherwise.

Determine det(M).

197. Let n be a positive integer. Suppose that A,B,M are n× n matrices with real

entries such that AM = MB and such that A and B have the same characteristic

polynomial. Prove that det(A −MX) = det(B − XM) for every n × n matrix X

with real entries.

198. Let S be the set of all 2× 2 matrices M =

(︄
a b

c d

)︄
whose entries a, b, c, d (in

that order) form an arithmetic progression. Find all matrices M in S for which there

is some integer k > 1 such that Mk is also in S.

199. Let A be the n × n matrix whose entry in the i-th row and j-th column is
1

min(i, j)
for 1 ≤ i, j ≤ n. Compute det(A).

200. Let A be an m × n matrix with rational entries. Suppose that there are at

least m + n distinct prime numbers among the absolute values of the entries of A.

Show that the rank of A is at least 2.

201. Let dn be the determinant of the n× n matrix whose entries, from left to right

and then from top to bottom, are cos 1, cos 2, . . . , cosn2. (For example,

d3 =

⃓⃓⃓⃓
⃓⃓⃓cos 1 cos 2 cos 3

cos 4 cos 5 cos 6

cos 7 cos 8 cos 9

⃓⃓⃓⃓
⃓⃓⃓ ,
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where the argument of cos is always in radians, not degrees.) Evaluate lim
n→∞

dn.

202. Let Z denote the set of points in Rn whose coordinates are 0 or 1. (Thus Z

has 2n elements, which are vertices of a hypercube in Rn.) Given a vector subspace

V of Rn, let Z(V ) denote the number of members of Z that lie in V . Let k be given,

0 < k < n. Find the maximum, over all vector subspaces V ⊂ Rn of dimension k, of

the number of points in V ∩ Z.

203. Let H be an n × n matrix all of whose entries are ±1 and whose rows are

mutually orthogonal. Suppose H has an a× b submatrix whose entries are all 1. Show

that ab ≤ n.

204. Define a sequence {un}∞n=0 by u0 = u1 = u2 = 1, and thereafter by the condition

that

det

(︄
un un+1

un+2 un+3

)︄
= n!

for all n ≥ 0. Show that un is an integer for all n. (By convention, 0! = 1.)

205. For an integer n ≥ 3 let θ = 2π/n. Evaluate the determinant of the n×n matrix

I+A, where I is the n×n identity matrix and A = (ajk) has entries ajk = cos(jθ+kθ)

for all j, k.

206. For any square matrix A, we can define sinA by the usual power series
∞∑︂
n=0

(−1)n

(2n+ 1)!
A2n+1. Prove or disprove: there exists a 2×2 matrix A with real entries

such that

sinA =

(︄
1 1996

0 1

)︄
.
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207. Let Dn denote the value of the (n− 1)× (n− 1) determinant

Dn =

⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓
1 1 1 · · ·
1 1 1 · · ·
1 1 1 · · ·
...

...
...

. . .

⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓ .

Is the set {Dn/n! : n ≥ 2} bounded?

208. Let M be a set of real n×n matrices such that (i) I ∈M , where I is the n×n

identity matrix; (ii) if A ∈ M and B ∈ M then either AB ∈ M or −AB ∈ M but

not both; (iii) if A ∈ M and B ∈ M then either AB = BA or AB = −BA; (iv) if
A ∈ M and A ̸= I then there is at least one B ∈ M such that AB = −BA. Prove
that M contains at most n2 matrices.

209. Let A and B be different n × n matrices with real entries. If A3 = B3 and

A2B = B2A, can A2 +B2 be invertible?

210. If A and B are square matrices of the same size such that ABAB = O, does it

follow that BABA = O?

211. A transversal of an n× n matrix A consists of n entries of A, no two in the

same row or column. Let f(n) be the number of n × n matrices A satisfying the

following two conditions: (a) each entry ai,j of A is in the set {−1, 0, 1}; (b) the sum

of the n entries of a transversal is the same for all transversals of A. An example of

such a matrix A is

A =

⎛⎜⎝−1 0 −1

0 1 0

0 1 0

⎞⎟⎠ .

Determine with proof a formula for f(n) of the form f(n) = a1b
n
1 + a2b

n
2 + a3b

n
3 + a4

where the ai and bi are rational numbers.
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212. Let G be a finite set of real n×n matrices {Mi}, 1 ≤ i ≤ r, which form a group

under matrix multiplication. Suppose that

r∑︂
i=1

tr(Mi) = 0 where tr(A) denotes the

trace of the matrix A. Prove that

r∑︂
i=1

Mi is the n× n zero matrix.

213. Let k ∈ N∗, u1, u2, . . . , uk ∈ C∗, z1, z2, . . . , zk ∈ C∗ be distinct, and let

an = u1z
n
1 + u2z

n
2 + · · ·+ ukz

n
k , n ∈ N.

Show that if the set {an | n ∈ N} is finite, then there exists d ∈ N∗ such that an = an+d

for every n ∈ N.

214. Let A ∈Mn(R) with detA ̸= 0, and let fA :Mn(R) → R,

fA(X) =

n∑︂
i,j=1

bijxij, where B = AAt.

Show that:

(a) fA(XX
t) = 0 ⇒ X = 0,

(b) [fA(XY )]2 ≤ fA(XX
t) fA(Y

tY ), for all X,Y ∈Mn(R).

215. Consider the function f :Mn,1(R) → [0,∞),

f(X) =

n∑︂
k=1

|xk|,

for every X ∈Mn,1(R). Show that there is only a finite number of matrices A ∈Mn(R)
with the property f(AX) = f(X) for every X ∈Mn,1(R).
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216. Consider the matrix

An =

⎛⎜⎜⎜⎜⎜⎝
1 1

2
1
3

· · · 1
n

1
2

1
3

1
4

· · · 1
n+1

· · · · · · · · · · · · · · ·
1
n

1
n+1

1
n+2

· · · 1
2n−1

⎞⎟⎟⎟⎟⎟⎠ ,

where n is a nonzero natural number.

1) Show that detAn is nonzero.

2) Show that the sum of the entries of the inverse matrix A−1
n equals n2.

217. Let A,B ∈Mn(C) and ε = cos
2π

n
+ i sin

2π

n
. Show that

det(A+B) + det(A+ εB) + · · ·+ det(A+ εn−1B) = n [detA+ detB] .

218. Show that for every matrix A ∈ Mn(C) there exist infinitely many natural

numbers k such that the matrix Ak + In is invertible.

219. Let A,B ∈Mn(C) have the property

| det(A+ zB)| ≤ 1 for every z ∈ C with |z| = 1.

Show that:

(a) | detA+ z detB| ≤ 1 for every z ∈ C with |z| = 1.

(b) If A,B ∈Mn(R), then (detA)2 + (detB)2 ≤ 1.

220. Let A ∈Mn(R) be a matrix with positive entries satisfying

n∑︂
k=1

aik = 1, i = 1, n.

Show that A cannot have eigenvalues of modulus greater than 1.

37



221. Let the matrices A,B,C ∈Mn(C) be such that C commutes with A or with

B. Show that

det(AB + C) = det(BA+ C).

222. Let A ∈Mn(Q) be such that det(A− In) = 0 and Ap = In, where p is a prime

number. Show that p− 1 | n.

223. Let S(X) denote the sum of all entries of the matrixX. Show that if A ∈Mn(C)
and

(a) S(A) = S(A2) = · · · = S(An) = n, then S(Ak) = n for every k ∈ N∗.

(b) S(A) = n2, S(A2) = n3, . . . , S(An) = nn+1, then S(Ak) = nk+1 for every

k ∈ N∗.

224. Show that if there exists an invertible matrix A ∈Mn(Q) such that

A−1 = A2 + A,

then n is divisible by 3.

225. Let

∞∑︂
n=0

anx
2n be the series expansion of the function f(x) =

1

cos x
. The

numbers en =
1

(2n)!
an are called the Euler numbers. Show that en = (2n)!Dn, where

Dn =

⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓

1

2!
1 0 0 · · · 0

1

4!

1

2!
1 0 · · · 0

1

6!

1

4!

1

2!
1 · · · 0

· · · · · · · · · · · · · · · · · ·
1

(2n)!

1

(2n− 2)!

1

(2n− 4)!

1

(2n− 6)!
· · · 1

2!

⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓
.
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226. Let n ≥ 2, n ∈ N. Determine all polynomials f ∈ C[X] with the property

(a) f(TrA) = Tr(f(A)) for every A ∈Mn(C);

(b) det(f(A)) = f(detA) for every A ∈Mn(C).

227. Determine the number of (m,n)-type matrices with entries aij ∈ {±1} for

which the product of the entries of each row and of each column equals −1.

228. Let A ∈M3(C) with detA = 1, TrA = TrA−1 = 0. Show that A3 = I3.

229. Let A,B ∈Mn(C) be such that AB + A+B = 0. Show that AB = BA.

230. Let A,B ∈ Mn(R) be such that A2 + B2 = AB and the matrix AB − BA is

invertible. Show that n is divisible by 3.

231. Let A,B,C ∈ Mn(C) with A invertible and (A − B)C = BA−1. Show that

C(A−B) = A−1B.

232. Let A1, A2, . . . , Ak ∈Mn(R) be such that

A1A
t
1 + A2A

t
2 + · · ·+ AnA

t
n = 0.

Show that A1 = A2 = · · · = An = 0.

233. Let A,B,C,D ∈M2(C) and denote [A,B] = AB−BA. Show that there exists

λ ∈ C such that

[A,B] · [C,D]− [C,D] · [A,B] = λI2.

234. Let A ∈M3,2(C), B ∈M2,3(C) be such that

AB =

⎛⎜⎝ 8 2 −2

2 5 4

−2 4 5

⎞⎟⎠ .
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Show that BA = 9I2.

235. Let A ∈Mn(R), A ≠ 0, be such that aikajk = akkaij for all i, j, k = 1, n. Show

that:

(a) TrA ̸= 0.

(b) At = A.

(c) fA(x) = xn−1(x− TrA).

236. Let A,B ∈Mn(R) be such that Tr(AAt +BBt) = Tr(AB +AtBt). Show that

A = Bt.

237. Let A,B ∈Mn(C). Show that

Tr(AB) ≤ 1

2
Tr(AA∗ +BB∗).

238. Let A ∈Mn(C) be a nonsingular matrix with columns A1, A2, . . . , An, and let

B ∈Mn(C) have columns A2, A3, . . . , An, 0. Show that the matrices C = BA−1 and

D = A−1B both have rank n− 1 and all of their eigenvalues equal to zero.

239. Let λ1, λ2, . . . , λn and a, b be real parameters. Consider the polynomial

p(x) = det

⎛⎜⎜⎜⎜⎝
λ1 + x a+ x · · · a+ x

b+ x λ2 + x · · · a+ x
...

...
. . .

...

b+ x b+ x · · · λn + x

⎞⎟⎟⎟⎟⎠ .

(a) Prove that p(x) is a polynomial of degree at most 1 with respect to x.

(b) Calculate the determinant of order n when x = 0.

240. For a matrix A ∈ Mn(R) and two column vectors u, v ∈ Rn, consider the

polynomial p(x) = det(A+ x · uvT ). Prove that p(x) is a polynomial of degree ≤ 1

and find the coefficient of x.
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241. Let A,B ∈ Mn(R). Prove that if rank(B) = k, then the polynomial p(x) =

det(A+ xB) has a degree not exceeding k.

242. Let A be a real matrix of order n. Given that the sum of all elements in each row

equals λ. Let J be the matrix of all ones. Calculate the determinant det(A− tI + J)

in terms of the characteristic polynomial of A, denoted as PA(t) = det(A− tI).

243. Let row matrices A,B,C ∈M1×n(R).

(a) Prove that if Bx = 0 ⇒ Ax = 0 for all x ∈ Rn, then there exists a real number

r such that A = rB.

(b) Prove that if (Bx = 0 and Cx = 0) ⇒ Ax = 0 for all x ∈ Rn, then there exist

real numbers r, t such that A = rB + tC.

244. Let f, g1, g2, . . . , gk be linear functionals on a vector space V . Prove that
k⋂︂

i=1

ker(gi) ⊆ ker(f) if and only if f ∈ span{g1, g2, . . . , gk}.

245. Let A ∈Mm×n(R) and B ∈Mp×n(R). Prove that ker(A) ⊆ ker(B) if and only

if there exists a matrix P ∈Mp×m(R) such that B = P · A.

246. Let f : Mn(R) → R be a linear functional. Suppose f(AB) = f(BA) for

all matrices A,B ∈ Mn(R). Prove that there exists a real number c such that

f(X) = c · tr(X) for all X ∈Mn(R).

247. Let A ∈Mn(R) such that for all vectors x = (x1, . . . , xn) ∈ Rn, the two vectors

xA and x are always linearly dependent in Rn. Prove that there exists a real number

a such that A = aIn.

248. Let A ∈Mn(R) (with n ≥ 3). Suppose that for every vector x ∈ Rn, the set of

three vectors {x,Ax,A2x} is always linearly dependent. Prove that the set {I, A,A2}
is linearly dependent in the matrix space.
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249. Let A,B ∈Mn(R) be matrices such that rank(A) ≥ 2. Suppose that for every

vector x ∈ Rn, the vectors Ax and Bx are always linearly dependent. Prove that

there exists a real constant k such that B = kA.

250. Let A be a real skew-symmetric matrix of order n.

(a) If n is odd, prove that A is not invertible.

(b) Let M = In + A. Prove that M is always invertible.

(c) Prove that det(I + A) ≥ 1 for all real skew-symmetric matrices A.

(d) Prove that the matrix Q = (I −A)(I +A)−1 always has a determinant of 1 and

is an orthogonal matrix.

251. Let a1, . . . , an and b1, . . . , bn be pairwise distinct real numbers such that ai+bj ̸=
0. Prove that the matrix C with elements cij =

1

ai + bj
is invertible.

252. Let A satisfy Ak = 0 for some positive integer k (nilpotent matrix). Prove

that I − A is always invertible.

253. Let A be a square matrix of order n satisfying: every main diagonal element

aii is even, and every off-diagonal element aij (i ≠ j) is odd. Prove that if n is even,

A is invertible over R.

254. Let M =

(︄
A B

C D

)︄
be a block matrix where A and D are square matrices.

Assume A is invertible. Prove thatM is invertible if and only if the Schur complement

S = D − CA−1B is invertible.

255. Let A be an n × n matrix with elements aij = gcd(i, j). Prove that A is

invertible.

256. Let x1 < x2 < · · · < xn be distinct real numbers. Consider matrix A with

aij = |xi − xj|. Prove that for n > 1, A is always invertible.
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257. Let C be a circulant matrix with first row (c0, c1, . . . , cn−1). Prove C is invertible

if and only if f(ωk) ̸= 0 for all k = 0, . . . , n−1, where f(x) = c0+ c1x+ · · ·+ cn−1x
n−1

and ω = e2πi/n.

258. Let A and B be two real symmetric positive definite matrices. Prove that their

Hadamard product C = A ◦B (where cij = aijbij) is also positive definite and thus

invertible.

259. (Sylvester’s Rank Inequality) For an m× n matrix A and an n× p matrix B,

prove that

rank(A) + rank(B)− n ≤ rank(AB) ≤ min(rank(A), rank(B)).

260. (Frobenius Rank Inequality) For matrices A,B,C such that the product ABC

exists, prove that

rank(AB) + rank(BC) ≤ rank(B) + rank(ABC).

261. Let P be a square matrix satisfying P 2 = P (a projection matrix).

(a) Prove that rank(P ) + rank(I − P ) = n.

(b) Prove that rank(P ) = tr(P ).

262. Prove that any m× n matrix A of rank r can be factored as A = B ·C, where

B is an m× r matrix (full column rank) and C is an r × n matrix (full row rank).

263. Let A be a square matrix and u, v be column vectors. Prove that rank(A+uvT )

can only take the values: rank(A)− 1, rank(A), or rank(A) + 1.

264. Let A,B be n× n matrices. Prove that rank(A+B) = rank(A) + rank(B) if

and only if Im(A) ∩ Im(B) = {0} and Im(AT ) ∩ Im(BT ) = {0}.

265. Let A ∈ Rm×n and B ∈ Rn×p. Prove that rank(AB) = rank(B)−dim(Im(B)∩
ker(A)). Deduce the necessary and sufficient condition for rank(AB) = rank(B).
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266. Let A be a real matrix satisfying A3 = A. Prove that rank(A) = tr(A2).

267. Calculate the determinant of order n:

D = det

⎛⎜⎜⎜⎜⎜⎜⎜⎝

1 + x1 1 1 · · · 1

1 1 + x2 1 · · · 1

1 1 1 + x3 · · · 1
...

...
...

. . .
...

1 1 1 · · · 1 + xn

⎞⎟⎟⎟⎟⎟⎟⎟⎠
.

268. Calculate the determinant of order n (n ≥ 3) with elements aij = cos(xi + yj).

269. Let S = {x1, . . . , xn} be a set of n distinct positive integers, closed under the

GCD operation. Prove that det(gcd(xi, xj)) =

n∏︂
i=1

φ(xi).

270. Let A and B be square matrices of order n. If rank(B) = 1, prove that the

function f(x) = det(A+ xB) is a polynomial of at most degree 1 in x.

271. Let A be an n × n matrix with Aii = α and Aij = β for i ̸= j. Calculate

det(A).

272. Let f : V → V be an endomorphism on a finite-dimensional vector space V .

(a) Prove there exists a positive integer k such that ker(fk) = ker(fk+1) and

Im(fk) = Im(fk+1).

(b) With such k, prove that V = ker(fk)⊕ Im(fk).

273. Let f : V → W and g : V → U be linear mappings. Prove there exists a linear

mapping h : W → U such that g = h ◦ f if and only if ker(f) ⊆ ker(g).

274. Let f : V → V satisfy f 2 = 0. Prove that Im(f) ⊆ ker(f). Furthermore, for

an arbitrary f , prove that dim(Im(f) ∩ ker(f)) = dim(Im(f))− dim(Im(f 2)).
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275. Let V be an n-dimensional vector space. Let H1, H2, . . . , Hk be k hyperplanes

(subspaces of dimension n− 1). Prove that dim(H1 ∩H2 ∩ · · · ∩Hk) ≥ n− k.

276. Let f : U → V and g : V → W be linear mappings. Prove the inequality:

dim(ker(g ◦ f)) ≤ dim(ker(f)) + dim(ker(g)).

277. Let A,B be square matrices of order n over C.

(a) Prove that the equality AB −BA = I is impossible.

(b) Suppose AB −BA = A. Prove that A is nilpotent.

278. Let P,Q be two projections (P 2 = P , Q2 = Q). Prove that tr(P − Q)3 =

tr(P −Q).

279. Let f : V → V be an endomorphism. Prove that tr(f) = 0 if and only if there

exist two endomorphisms g, h : V → V such that f = g ◦ h− h ◦ g.

280. Let A and B be diagonalizable matrices of order n. Prove that A and B

commute (AB = BA) if and only if they are simultaneously diagonalizable.

281. Let A be a matrix over C with n distinct eigenvalues. Prove that a matrix B

commutes with A if and only if B is a polynomial in A.

282. Let A be an n × n matrix over C. Consider the linear mapping ϕA(X) =

AX −XA. Prove that ϕA is diagonalizable if and only if A is diagonalizable.

283. Let A ∈Mn(Q) satisfy Ap = I where p is prime. Prove that A is diagonalizable

over Q if and only if A = I.

284. Prove that a complex matrix A is diagonalizable if and only if for all λ ∈ C,
rank(A− λI) = rank((A− λI)2).

45



285. Let A be a complex normal matrix (AA∗ = A∗A). Prove it is unitarily

diagonalizable.

286. Let A be a complex matrix of order n. Prove that A is nilpotent (An = 0) if

and only if tr(Ak) = 0 for all k = 1, 2, . . . , n.

287. The Contrast Matrix of order n ≥ 2, denoted Kn, is defined by Kij =
i

j
− j

i
.

(a) Prove Kn is skew-symmetric with trace 0.

(b) Prove rank(Kn) = 2.

(c) Prove the characteristic polynomial has the form PK(λ) = λn−2(λ2 +∆n).

288. Let S(n,m) be the set of matrices where the sum of even-indexed columns

equals the sum of odd-indexed columns. If A ∈ S(n,m), find the smallest eigenvalue

of the matrix M = I + ATA.

289. Let A be an n×m real matrix with n < m. Prove that λ = 1 is an eigenvalue

of M = Im + ATA with algebraic multiplicity at least m− n.

290. Let A ∈ M2×2(C) have two distinct eigenvalues. Let S ={︄
N ∈M2×2(C)

⃓⃓⃓⃓
⃓
(︄
A N

0 A

)︄
is diagonalizable

}︄
. Prove that S is a 2-dimensional sub-

space of M2×2(C).

291. Let a1, . . . , an ∈ C \ {0} and A =

(︃
ai
aj

)︃
1≤i,j≤n

. Prove A is diagonalizable and

find an invertible matrix C such that C−1AC is diagonal.

292. Let A = (aij) ∈Mn×n(R) satisfy aii = 0 for all i and aij > 0 for all i ≠ j. Find

the minimum possible value of rank(A).
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293. Let V be a k-dimensional real vector space with standard inner product. Given

a system of n vectors x1, x2, . . . , xn ∈ V , consider the matrix D ∈Mn(R) defined by

the squared distances Dij = ∥xi − xj∥2. Prove that rank(D) ≤ k + 2.

294. Calculate the following determinant of order n:

An =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

2021 1 1 · · · 1 1

1 2021 1 · · · 1 1

1 1 2021 · · · 1 1
...

...
...

. . .
...

...

1 1 1 · · · 2021 1

1 1 1 · · · 1 2021

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

295. Calculate the following determinant of order n:

Bn =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

5 3 0 0 · · · 0 0 0

2 5 3 0 · · · 0 0 0

0 2 5 3 · · · 0 0 0
...

...
...

...
. . .

...
...

...

0 0 0 0 · · · 5 3 0

0 0 0 0 · · · 2 5 3

0 0 0 0 · · · 0 2 5

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

296. LetM be an n×n matrix where every diagonal entry is a and every off-diagonal

entry is b:

M =

⎛⎜⎜⎜⎜⎜⎜⎜⎝

a b b · · · b

b a b · · · b

b b a · · · b
...

...
...

. . .
...

b b b · · · a

⎞⎟⎟⎟⎟⎟⎟⎟⎠
.

Show that

M−1 =
1

a− b
I − b

(a− b)(a+ (n− 1)b)
J
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297. Let K be a field of characteristic zero and A ∈Mn×n(K) be the permutation

matrix associated to a permutation σ ∈ Sn (here n is a positive integer). Suppose the

cycle type of σ is (k1, k2, . . . , kn), where ki is the number of i-cycles in σ for 1 ≤ i ≤ n.

Now consider the linear transformations

LA :Mn×n(K) −→Mn×n(K), RA :Mn×n(K) −→Mn×n(K)

given by LA(B) = AB, the left multiplication of B by A, and RA(B) = BA, the

right multiplication of B by A. Note here LA, RA are linear transformations on the

n2-dimensional vector space. Find Rank(LA +RA).

298. Let K be a field of characteristic zero and A ∈ Mn×n(K) be any matrix.

Consider the linear transformations

LA :Mn×n(K) −→Mn×n(K), RA :Mn×n(K) −→Mn×n(K)

given by LA(B) = AB and RA(B) = BA.

Show that the space

S = ker(LA +RA) ∩ Image(LA +RA)

consists of nilpotent matrices; that is, any matrix B ∈ S satisfies that

Bn = 0.

299. Let F be a field and let

f(X) =

k∏︂
i=1

(X − λi)
ri , ˜︁f(X) =

k∏︂
i=1

(X − λi)
˜︁ri ,

and

g(X) =

k∏︂
i=1

(X − λi)
si , ˜︁g(X) =

k∏︂
i=1

(X − λi)
˜︁si ,

where λ1, λ2, . . . , λk are distinct elements in F , ri ≤ ˜︁ri and si ≤ ˜︁si, 1 ≤ i ≤ k, are

nonnegative integers.
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Let V be a vector space of dimension n+m and W ⊆ V be a subspace of dimension

n where

n = ˜︁r1 + · · ·+ ˜︁rk, m = ˜︁s1 + · · ·+ ˜︁sk.
Let T : V → V be a linear transformation with T (W ) ⊆ W and suppose the minimal

polynomial of T |W is f(X), the characteristic polynomial of T |W is ˜︁f(X), and the

minimal polynomial of the induced linear transformation

˜︁T : V/W −→ V/W

is g(X), while its characteristic polynomial is ˜︁g(X).

Let t1, t2, . . . , tk be nonnegative integers. Show that there exists a linear transformation

T on V and an invariant subspaceW as above with T on V having minimal polynomial

h(X) =

k∏︂
i=1

(X − λi)
ti

if and only if the given nonnegative integers t1, t2, . . . , tk satisfy

max(ri, si) ≤ ti ≤ ri + si, 1 ≤ i ≤ k.

300. For an integer n ≥ 2, let A and B be singular n× n complex matrices such

that

(AB)n = 0.

Prove that at least one of (AB)n−1 and (BA)n−1 is the zero matrix.

301. Let A and B be n× n complex matrices such that

rank(AB) = rank(BA).

Prove that

AB2A = AB

if and only if

BA2B = BA.
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302. Let S be a finite set of real numbers, and let T be the set of all n× n matrices

having entries in S. Prove∑︂
A∈T

trace(A2) =

∑︂
A∈T

(trace(A))2.

303. For any n× n complex matrix M , prove

rank(M) + rank(M −M3) = rank(M −M2) + rank(M +M2).

304. Let Mn be the set of n × n complex matrices. We write I for the identity

matrix in Mn. Suppose that A,B ∈Mn satisfy

(I − A)2B + 2(I − A)B(I − A) +B(I − A)2 = B,

and suppose that there are nonzero complex numbers α, β and odd positive integers

j, k such that

Aj = αI, Bk = βI.

Prove that the following two conditions are equivalent:

1. There exists a finite subset S of Mn containing B such that

AX +XA ∈ S

for all X ∈ S.

2. The matrix A is
1

2
I.

305. A derangement is a permutation with no fixed points. Let Dn be the set of

derangements on {1, 2, . . . , n}. For σ ∈ Dn, let

ω(σ) =
1

n

n∏︂
i=1

(σ(i)− i)

and

λn = (−1)⌊n/2⌋
∑︂
σ∈Dn

ω(σ).
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Prove that λn = 0 when n is odd and

λn =
qn
2n
,

where qn is rational and qn = 1 when n = 2 and qn > 1 when n > 2 and is even.

306. Let k be an integer with k ≥ 2. In terms of k, find the smallest positive

integer n such that there exists an n × n integer matrix A satisfying the following

two conditions:

1. ATA = AAT ;

2. k is the least positive integer m such that Am equals the identity matrix.

307. Let A and B be complex n× n matrices, and suppose

AmB = A

for some integer m with m ≥ 2. Prove

AmB = Am−1BA = Am−2BA2 = · · · = ABAm−1.

308. A matrix A with i, j-entry aij is special if

aijask − aisajk + aikajs = 0

for all i, j, s, k such that

1 ≤ i < j < s < k ≤ n.

A matrix A is strong if all its 3× 3 submatrices have rank 3.

1. Prove that, when n ≥ 6, no n× n real matrix is special and strong.

2. Show that there is a 5× 5 matrix that is special and strong.

309. Let A and B be n× n matrices that are real, symmetric, and positive definite.

Find all n× n matrices X that are real, symmetric, and positive definite and that

satisfy

XAX = BX−1B.
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310. Let n and k be integers with 1 ≤ k ≤ n, and let A be an n× n matrix with

i, j-entry given by

aij =

⎧⎨⎩1, if j ≡ i+ 1 (mod k),

0, otherwise.

What is the characteristic polynomial and minimum polynomial of A?

311. Let A∗ denote the conjugate transpose of a complex matrix A. Show that

A5 = AA∗AA∗A

if and only if

A = B + C

for some matrices B and C satisfying

B = B∗, C = −C∗, BC = CB = 0.

312. Find all prime numbers p such that there exists a 2× 2 matrix A with integer

entries, other than the identity matrix I, for which

Ap + Ap−1 + · · ·+ A = pI.

313. Let k and n be positive integers with k < n. Characterize the n × n real

matrices M with the property that for all v ∈ Rn with at most k nonzero entries, Mv

also has at most k nonzero entries.

314. Let A be an n × n positive-definite Hermitian matrix, with minimum and

maximum eigenvalues λ and ω, respectively. Prove(︃
1

ω

Tr(A)

n
+

ωn

Tr(A)

)︃n

≤ det

(︃
1

ω
A+ ωA−1

)︃
,

and (︃
1

λ Tr(A−1)
+
λ Tr(A−1)

n

)︃n

≤ det

(︃
1

λ
A+ λA−1

)︃
.
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315. Let A be an n× n skew-symmetric real matrix. Show that for positive real

numbers x1, . . . , xk with k ≥ 2,

det(A+ x1I) · · · det(A+ xkI) ≥
(︁
det
(︁
A+ (x1 · · · xk)1/kI

)︁)︁k
.

In addition, show that if also all xi lie on the same side of 1, then

det(A+ I)k−1 det (A+ x1 · · · xkI) ≥ det(A+ x1I) · · · det(A+ xkI).

316. Definitions.

a) A matrix is called a complex matrix if all its entries are complex numbers. (In

particular, any vector in Cn is considered an n× 1 complex matrix.)

b) For any complex matrix A, we denote the matrix A
T
by A∗.

c) Let U2(C) be the group of all unitary 2× 2 complex matrices. In other words,

U2(C) = {U ∈ GL2(C) | U∗ = U−1}.

d) A complex matrix A is called Hermitian if it satisfies A∗ = A.

Problem. Let A1, A2, . . . , An be n Hermitian 2 × 2 complex matrices. Define a

function F from the Cartesian product (U2(C))n to R by

F (U1, U2, . . . , Un) = det

⎛⎜⎝
n∑︂

k=1

U∗
kAkUk

⎞⎟⎠ for every (U1, . . . , Un) ∈ (U2(C))n.

Show that

min
U∈(U2(C))n

F (U) =

n∑︂
k=1

σ1(Ak) ·

n∑︂
k=1

σ2(Ak),

where σ1(Aj) and σ2(Aj) denote the greatest and the least eigenvalue of the matrix

Aj, respectively, for every j ∈ {1, 2, . . . , n}.

317.
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(a) Show that for any m× n complex matrix E = (eij),

det(E∗E) ≤

n∏︂
j=1

m∑︂
i=1

|eij|2.

(b) Let F be an m× n matrix. If G consists of some columns of F and H contains

the remaining columns of F , show that

det(F ∗F ) ≤ det(G∗G) det(H∗H).

318. Let X and Y be square matrices of the same size. Show that

| det(I − Y X∗)|2 ≤ det(I +XX∗) det(I + Y ∗Y )

and

| det(X + Y )|2 ≤ det(I +XX∗) det(I + Y ∗Y ).

319. Let A ∈Mn(C). Show that

(a) A = AA∗S for some matrix S.

(b) If A is nonsingular, then matrix S in (a) is unique.

(c) A = (AA∗)1/2T for some matrix T .

(d) If A is nonsingular, then T in (c) is unique and it is unitary.

320. Let {β1, . . . , βn} be a basis of a vector space V of dimension n and let

{α1, . . . , αm} be a set of vectors in V . Write each αi as

αi =

n∑︂
j=1

aijβj, i = 1, . . . ,m.

Let A = (aij) be them×n coefficient matrix and {i1, . . . , ik} ⊆ {1, . . . ,m}. Show that

{αi1 , . . . , αik} is linearly independent if and only if the corresponding rows i1, . . . , ik of

A are linearly independent, and if and only if there is a nonsingular k × k submatrix

of A lying in rows i1, . . . , ik of A. Conclude that dimSpan{α1, . . . , αm} = r(A).
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321. Let α = {α1, . . . , αm} and β = {β1, . . . , βn} be two sets of vectors in a vector

space V such that each αi is a linear combination of β1, . . . , βn:

αi =

n∑︂
j=1

aijβj, i = 1, . . . ,m.

Let A = (aij) be the m× n coefficient matrix. Show that

(a) dim(Spanα) ≤ dim(Span β).

(b) dim(Spanα) ≤ r(A).

(c) If β is linearly independent, then dim(Spanα) = r(A).

(d) If α is linearly independent, then r(A) = m and n ≥ m.

322. Let A be an n× n real matrix.

(a) If At = −A and n is odd, show that |A| = 0.

(b) If A2 + I = 0, show that n must be even.

(c) Do (a) and (b) remain true for complex matrices?

323. Let A ∈Mn(C). If AAt = I and |A| < 0, show that |A+ I| = 0.

324. Let n ∈ N, n ≥ 2.

(a) Prove that det(A2−B2)(C2−B2) ≥ 0 for all A,B,C ∈Mn(R) with AB = BC.

(b) Find all values k ≥ 1 such that det(Ak − B2)(Ck − B2) ≥ 0 holds for all

A,B,C ∈Mn(R) with AB = BC.

325. Let n ∈ N, n ≥ 2. Find all the values k ∈ N, k ≥ 1, for which the following

statement holds:

“If A ∈Mn(C) is such that AkA∗ = A, then A = A∗.” (∗)

(Here, A∗ = A
t
denotes the transpose conjugate of A.)
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326. Let adj(A) denote the adjugate matrix (or cofactor matrix) of A = (aij) ∈
Mn(C), that is, adj(A) is the n×nmatrix whose (i, j)-entry is the cofactor (−1)i+j|Aji|
of aji, where Aji is the submatrix obtained from A by deleting the j-th row and the

i-th column. Show that

(a) r(A) = n if and only if r(adj(A)) = n.

(b) r(A) = n− 1 if and only if r(adj(A)) = 1.

(c) r(A) < n− 1 if and only if r(adj(A)) = 0.

(d) | adj(A)| = |A|n−1.

(e) adj(adj(A)) = |A|n−2A.

(f) adj(AB) = adj(B) adj(A).

(g) adj(XAX−1) = X(adj(A))X−1 for any invertible X ∈Mn(C).

(h) | adj · · · adj⏞ ⏟⏟ ⏞
k

(A)| = |A| when A is 2× 2.

(i) If A is Hermitian, so is adj(A).

(j) Find a formula for adj · · · adj⏞ ⏟⏟ ⏞
k

(A) when |A| = 1.

327. Let A ∈Mn(C). Show that

(a) Im(AA∗) = ImA. Does Im(A∗A) = ImA?

(b) A = AA∗B for some matrix B ∈Mn(C).

(c) If A∗A = AA∗ and A2x = 0, then Ax = 0.

328. Show that A is invertible if A = (aij) ∈Mn(C) satisfies, for each i,

|aii| >

n∑︂
j=1, j ̸=i

|aij|. (Row diagonal dominance)
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Show that I −B is invertible if B = (bij) ∈Mn(C) satisfies

1 >

n∑︂
j=1

|bij|, i = 1, 2, . . . , n.

329. Find all matrices A ∈Mn(Z) for which

2025A2025 = A2024 + A2023 + · · ·+ A.

330. Let

xij =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
ai if i = j,

0 if i ̸= j, i+ j ̸= 2n+ 1,

bi if i+ j = 2n+ 1,

where ai, bi are real numbers. Evaluate the determinant ∆2n = |xij|.

331. Let n ≥ 2 be an integer, and let A be an n × n real matrix with minimal

polynomial xn + x− 1. Show that

tr
(︁
(nAn−1 + I)−1An−2

)︁
= 0.

(Here tr(B) =

n∑︂
i=1

bii for B = (bij)
n
i,j=1.)

332. Let A,B be real square matrices satisfying

A2001 = 0, AB = A+B.

Prove that detB = 0.
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333. Denote by (a, b) the inner product of two vectors a, b ∈ Rn. Let a1, a2, . . . , ak ∈
Rn, and put

A =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

(a1, a1) (a1, a2) · · · (a1, ak−1) (a1, ak)

(a2, a1) (a2, a2) · · · (a2, ak−1) (a2, ak)
...

...
. . .

...
...

(ak−1, a1) (ak−1, a2) · · · (ak−1, ak−1) (ak−1, ak)

(ak, a1) (ak, a2) · · · (ak, ak−1) (ak, ak)

⎤⎥⎥⎥⎥⎥⎥⎥⎦
.

Prove that

1) detA ≥ 0;

2) A is a symmetric matrix and all of its eigenvalues are nonnegative.

334. Let A be a square matrix of order n all of whose entries are even integers.

Prove that A cannot have an odd integer as an eigenvalue.

335. Let A,B ∈ Mn(R) be matrices. Consider the matrix function f : Mn(C) →
Mn(C) defined by

f(Z) = AZ +BZ̄, Z ∈Mn(C),

where Z̄ is the matrix having as elements the conjugates of the elements of Z. Prove

that the following statements are equivalent:

(i) f is injective;

(ii) f is surjective;

(iii) the matrices A+B and A−B are invertible.

336. Fix n ∈ N. Let a1, a2, . . . , an be some real numbers. Define A ∈ Mn(R) by
A = [aij]1≤i,j≤n where

aij = δij + ai + aj, 1 ≤ i, j ≤ n.

(δij = 1 if i = j and δij = 0 if i ≠ j.) Compute the characteristic polynomial of A.

[Caution: The value of n matters in these computations.]
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337. Let A ∈ Mn(R) be a symmetric matrix and let k be a positive even integer

such that

[trace(Ak)]k+1 = [trace(Ak+1)]k.

Prove that An = trace(A)An−1. If k is a positive odd integer, does the conclusion still

hold?

338. Let A,B ∈ Mn(R) be commuting matrices. Let α ∈ C be an eigenvalue of

A+B. Prove that there is a decomposition α = λ+ µ where λ ∈ C is an eigenvalue

of A and µ ∈ C is an eigenvalue of B.

339. Let A ∈ Mn(R) with rank(A) = r ≥ 1. Prove that A2 = A if and only if

there exist matrices B ∈ Mn×r(R) and C ∈ Mr×n(R), both of rank r, such that

A = BC and CB = Ir. Moreover, show that if A2 = A then det(In + A) = 2r and

det(2In − A) = 2n−r.

340. Let A,B ∈ Mn(R) be invertible matrices satisfying AB + BA = On. Prove

that the matrices In, A,B,AB are linearly independent.

341. Let A,B ∈ Mn(R) satisfy A17 = B16 = In and AB = BA. Prove that

In + A+B is invertible.

342. Let A = [aij] ∈ Mn(R), with n odd, satisfy:

a) aii = λ,

b) aij = −aji for all i ̸= j.

Find the condition on λ so that the system Ax = b has a unique solution, where

x = [x1, . . . , xn]
t, b = [b1, . . . , bn]

t.

343. Let A,B ∈ M3(Z) satisfy

AB =

⎡⎢⎣1 2k k(2k + 1)

0 1 2k

0 0 1

⎤⎥⎦ , k ∈ N.
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Prove that there exists C ∈ M3(Z) such that BA = Ck.

344. Let A = [aij ] be an n×n matrix satisfying I +A+A2+ · · ·+A2016 = 0. Prove

that A2 − I is invertible.

345. Let M =

(︄
1 −1

1 −1

)︄
.

a) Prove that if A is a real 2 × 2 matrix with AM = MA, then there exist real

numbers α, β such that A = αI + βM , where I is the 2× 2 identity matrix.

b) Using part a), find all real 2× 2 matrices X such that X2016 −X2010 = 6M .

346. Let n ≥ 3 and let A be a real n × n matrix whose entries in every row

form an arithmetic progression. Prove that there exist real numbers α, β such that

A3 + αA2 + βA = 0.

347. Let A =

(︄
1 1

−1 −1

)︄
, B =

(︄
1 −1

1 −1

)︄
, and let M1, . . . ,M10 be 10 matrices

satisfying:

i) all entries of every Mi (i = 1, . . . , 10) are integers;

ii) for each i = 1, . . . , 10, Mi commutes with A or with B;

iii) M2
1 +M2

2 + · · ·+M2
10 =

(︄
2016 0

0 −2008

)︄
.

Compute N =M6
1 +M6

2 + · · ·+M6
10.

348. Let A,B be real n× n matrices with A15 = B16 = In and AB = BA. Prove

that In + A+B is invertible.
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349. Let N be an n× n matrix all of whose entries equal 1/n2, and let A be a real

n× n matrix such that Ak = N for some positive integer k. Writing A = [aij ]n, prove

that

n∑︂
i,j=1

a2ij ≥ 1.

350. Let A,B be n× n matrices with A invertible and A2 − B = AB. Can B be

nilpotent? Justify your answer.

351. Let A = [aij]
2021
i,j=1 be a nonsingular real matrix of order 2021. Consider the

column matrices Ak = [a1k, a2k, . . . , a2021,k]
t, k = 1, . . . , 2021. Let M = A1 + 2A2 +

· · ·+ 2021A2021. Find all matrices X satisfying:

X(M − A1) = A1 − A2021,

X(M − A2) =
1
2
(A2 − A2020),

...

X(M − Ak) =
1
k
(Ak − A2022−k),

...

X(M − A2021) =
1

2021
(A2021 − A1).

352. Let f(x) =

2021∑︂
i=0

(−1)i(i+ 1)xi and

A =

⎛⎜⎝2 −5 4

3 −7 5

4 −9 6

⎞⎟⎠ .

Compute f(A).
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353. Let r be a positive integer and ξ = exp

(︃
2iπ

r

)︃
a complex r-th root of unity.

For α ∈ R, define ξα = exp

(︃
2iπα

r

)︃
. Find the inverse of the matrix

A =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 ξα · · · ξ(r−1)α

1 ξα+1 · · · ξ(r−1)(α+1)

...
...

...

1 ξα+k · · · ξ(r−1)(α+k)

...
...

...

1 ξα+r−1 · · · ξ(r−1)(α+r−1)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

354. Let A = (aij) be a 2021×2021 matrix with entries aij = i2+ j2+2020ij+2021

for all i, j = 1, . . . , 2021. Compute detA.

355. Let a1, a2, a3, a4 and b1, b2, b3, b4 be, respectively, 4 consecutive even numbers

and 4 consecutive odd numbers. Compute detA, where

A =

⎛⎜⎜⎜⎜⎝
(a1 + b1)

3 (a1 + b2)
3 (a1 + b3)

3 (a1 + b4)
3

(a2 + b1)
3 (a2 + b2)

3 (a2 + b3)
3 (a2 + b4)

3

(a3 + b1)
3 (a3 + b2)

3 (a3 + b3)
3 (a3 + b4)

3

(a4 + b1)
3 (a4 + b2)

3 (a4 + b3)
3 (a4 + b4)

3

⎞⎟⎟⎟⎟⎠ .

356. Let A = [aij]6×6 with aij = 0 if i = j, and aij ∈ {1, 2021} if i ≠ j. Prove that

detA is always nonzero.

357. Let A = (aij), B = (bij) be real n× n matrices satisfying AB2 +A = 2AB + I.

a) Prove that A and B commute.

b) If aij, bij are integers for all i, j ∈ {1, . . . , n}, compute detA.

358. Let X be a real n× n matrix satisfying X +XT = In (In the identity matrix,

XT the transpose of X). Prove that detX ≥ 1

2n
.
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359. Compute

lim
n→+∞

⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓⃓

x 0 0 · · · 0 1/n!

−1 x 0 · · · 0 1/n!

0 −2 x · · · 0 1/n!
...

...
...

. . .
...

...

0 0 0 · · · x 1/n!

0 0 0 · · · −n 1/n!

⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓⃓
.

360. Let A,B ∈ Mn(R) satisfy AB = BA, with B nilpotent. Prove that det(A+

B) = det(A).

361. Let A = (aij) be a 2022 × 2022 matrix with aij = −aji for all i, j = 1, 2022.

Let B = (bij) be a matrix of the same order with bij = aij + 23 for all i, j = 1, 2022.

Prove that detA = detB.

362. Let A be an n× n matrix with rankA = 1. Prove that

det(A+ In) = tr(A) + 1.

363. Let real numbers aij + aji = 0 for i, j = 1, 2, . . . , 2014. Solve the linear system⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

(a11 + 2014)x1 + a12x2 + · · ·+ a1,2014x2014 = 0

a21x1 + (a22 + 2014)x2 + · · ·+ a2,2014x2014 = 0
...

a2014,1x1 + a2014,2x2 + · · ·+ (a2014,2014 + 2014)x2014 = 0

364. Let P (x) = (x − 2)(x − 3) · · · (x − 2014). Suppose P (x) = a1 + a2x + · · · +
a2014x

2013. Solve the system⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

a1x1 + a2x2 + · · ·+ a2013x2013 + a2014x2014 = 0

a2014x1 + a1x2 + · · ·+ a2012x2013 + a2013x2014 = 0
...

a2x1 + a3x2 + · · ·+ a2014x2013 + a1x2014 = 0
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365. Let K2(Z) = {A | A ∈M2(Z) and detA = 1}.

a. Do there exist A,B,C ∈ K2(Z) such that A2 +B2 = C2?

b. Do there exist A,B,C ∈ K2(Z) such that A4 +B4 = C4?

366. Define the trace of a square matrix C = (cij)n×n, denoted tr(C), as

n∑︂
i=1

cii.

Let A,B be real n × n matrices satisfying AB − BA = A. Compute the trace of

A2014.

367. Define the trace of a matrix A, denoted Tr(A), as the sum of all entries on

the main diagonal of A. Let A = (aij)n×n be an n × n matrix satisfying A2014 = 0.

Compute Tr(A).

368. Let A be an n× n matrix with 2015 on the main diagonal and 2014 elsewhere:

A =

⎛⎜⎜⎜⎜⎝
2015 2014 · · · 2014

2014 2015 · · · 2014
...

. . .
...

2014 2014 · · · 2015

⎞⎟⎟⎟⎟⎠ .

Compute Ak, where k is a given positive integer.

369. For each matrix A ∈ M2(R), determine whether there exist B,C ∈ M2(R)
such that A = B2 + C2.

370. Let A,B be two 2× 2 matrices satisfying (AB)2 = 0. Prove that (BA)2 = 0.

Does the statement remain true for A,B square matrices of order greater than 2?

371.

1. Let A =

⎛⎜⎝1 0 0

1 1 0

1 1 1

⎞⎟⎠ and let n > 0 be an integer. Find (An)−1.
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2. Let A and B be distinct real n×n matrices. Suppose A3 = B3 and A2B = B2A.

Prove that A2 +B2 is not invertible.

372. Compute detA, where A is the 2000× 2000 matrix with (i, j)-entry equal to

|i− j|+ 1.

373. Let a0 be a real number, and suppose {a0, a1, a2, . . . , a2013} is an arithmetic

progression with common difference d = 4. Find the condition on a0 such that the

symmetric (Toeplitz-type) matrix A = (a|i−j|)0≤i,j≤2013 is invertible.

374. Let A and B be two 2013×2013 matrices satisfying AB2A+BA2B = I, where

I is the 2013× 2013 identity matrix. Find the sum of the entries on the main diagonal

of AB2A.

375. Let A and B be two 2013 × 2013 matrices satisfying rank(AB) = rank(A) ·
rank(B). Determine the matrix A if rank(B) ≥ 2.

376. Let A be a 3× 3 matrix whose entries are 0 or 1. Find the maximum value of

det(A).

377. Does there exist a 3×3 square matrix A such that Tr(A) = 0 and AT +A2 = I,

where Tr(A) is the sum of the entries on the main diagonal of A?

378. Let A,B be n×n matrices such that A2013 = 0, AB = BA, B ̸= 0. Prove that

rank(AB) ≤ rank(B)− 1.

379.

1. Find all matrices commuting with A =

⎛⎜⎝0 1 2

0 0 3

0 0 0

⎞⎟⎠.

2. Solve the equation Xn = A for n ∈ N∗.
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380. Let a, b, c be real numbers satisfying a2 + b2 + c2 = 4. Find the maximum and

minimum of the determinant of

A =

⎛⎜⎝a+ b b+ c c+ a

c+ a a+ b b+ c

b+ c c+ a a+ b

⎞⎟⎠ .

381. Compute the sum of all determinants of n×n matrices (n ≥ 2) such that every

row and every column contains exactly one nonzero entry, and the nonzero entries

are pairwise distinct values taken from {1, 2, . . . , n}.

382. Suppose A is a 2013 × 2013 matrix satisfying: trace(A2) = 8052, and every

2013 × 2013 matrix B can be written as B = B1 + B2, where AB1 = B1A and

AB2 = −B2A. Prove that there exists a natural number m ≤ 2013 such that

det(A− I) = (−3)m.

383. Do there exist two 2 × 2 matrices A,B such that C = AB − BA commutes

with both A and B, and C is nonzero?

384. Let A,B be n×nmatrices satisfying Im(A)∩Im(B) = {0}, and let {u1, . . . , uk},
{v1, . . . , vk} be arbitrary subsets of Rn. Prove that if k > r(A) + r(B) (where r(A)

denotes the rank of A) then there always exist real numbers λ1, . . . , λk, not all zero,

such that

λ1Au1 + λ2Au2 + · · ·+ λkAuk = λ1Bv1 + λ2Bv2 + · · ·+ λkBvk.

385. Let V be the set of n× n matrices whose entries are pairwise distinct values

taken from {1, 2, . . . , n2}. Find the maximum and minimum of r(A) for A ∈ V (r(A)

denotes the rank of A).

386. Find all n×n matrices A such that for every n×n matrix B, det(A+2013B) =

detA+ 2013 · detB.
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387.

1. Let A,B ∈ Mat(n,R) be such that there exist (α, β) ∈ (R − {0})2 satisfying

AB + αA+ βB = 0. Prove that AB = BA.

2. Prove that for all A,B,C ∈ Mat(2,R),

(AB −BA)2C − C(AB −BA)2 = O.

388. Suppose the determinant of the matrix A = [aij]n×n equals α, and the sum

of the algebraic cofactors of the entries of A equals β (α, β ∈ R). Compute the

determinants of the following matrices:

1. B = [aij + 2013]n×n (every entry of A increased by 2013).

2. C, the matrix whose first row consists of all 1’s and whose (k + 1)-th row (for

k = 1, . . . , n− 1) is (ak+1,1 − a11, ak+1,2 − a12, . . . , ak+1,n − a1n).

389. Let A and B be n× n matrices satisfying rank(AB) = rank(B). Prove that

ABX = ABY ⇐⇒ BX = BY for all X, Y .

390. Let A and B be n× n orthogonal matrices satisfying det(AB) < 0. Prove that

detA+ detB = det(A+B).

391. Let A be an n× n matrix. Prove that if trace(ATA) + n = 2 · trace(A) then A
is invertible.

392. Let A and B be two 2013× 2013 matrices satisfying AB+2012A+2013B = 0.

Prove that rank(A) + rank(B) ̸= 2013.

393. Prove that if an n × n square matrix A has entries equal to 0 on the main

diagonal, and all remaining entries equal to 1 or 2014, then rank(A) ≥ n− 1.

394. Let A,B be real square matrices satisfying A2013 = 0, AB = 2012A+ 2011B.

Prove that B2013 = 0 and det(A− 2011I) ̸= 0.
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395. Let f : V → W be a linear map between finite-dimensional vector spaces over

a field K. Prove that:

1. If A is a k-dimensional subspace of V such that A ∩Ker f is an r-dimensional

subspace, then dim f(A) = k − r.

2. If B is a subspace of W such that B ∩ Im f is an s-dimensional subspace, then

dim f−1(B) = dimV + s− rank(f).

396. Let V = F[x] and let f be the endomorphism of V defined by f(P ) = xP .

Determine the eigenvalues and eigenvectors of the endomorphism F : End(V ) →
End(V ) defined by F (g) = f ◦ g − g ◦ f .

397. Let A be a real n× n matrix and let φA, ψA be the linear endomorphisms of

the real vector space M(n,R) of n× n real matrices, defined by φA(X) = AX −XA,

ψA(X) = AX. Prove that det(φA) = 0 and det(ψA) = (detA)n.

398. A polynomial in n variables x1, . . . , xn is called homogeneous of degree d if the

sum of exponents of the variables in every monomial equals d (for example, x21x
3
2 + x53

is homogeneous of degree 5 in three variables x1, x2, x3). Find the dimension of the

real vector space consisting of the zero polynomial together with all homogeneous

polynomials of degree d in n variables with real coefficients.

399. Let V be an n-dimensional vector space over R and let f be a linear endomor-

phism of V . For each nonnegative integer k, let fk denote the k-fold composition of

f with itself (f 0 = IdV , f
1 = f , f 2 = f ◦ f , . . . ). Prove that:

1. There exists a nonnegative integer m ≤ n such that

Im f 0 ⊋ Im f 1 ⊋ · · · ⊋ Im fm = Im fm+1 = · · · ,

ker f 0 ⊊ ker f 1 ⊊ · · · ⊊ ker fm = ker fm+1 = · · · .

2. {dimker fk+1 − dimker fk}k=0,1,... is a decreasing sequence.

3. V = ker fm ⊕ Im fm.
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4. Every n× n matrix with real coefficients is equivalent to a matrix of the form(︄
N 0

0 C

)︄
, where N is a nilpotent square matrix and C is an invertible square

matrix.

400. Let X be a set. Equip F (X,R) with the R-vector space structure induced from

that of R. Let n ≥ 1 and f1, . . . , fn ∈ F (X,R). Prove that f1, . . . , fn are linearly

independent if and only if there exist n elements x1, . . . , xn ∈ X such that the matrix

(fi(xj))1≤i,j≤n is invertible.

401.

1. Let f be a linear endomorphism of Cn. Prove that the following two conditions

are equivalent: (i) f is diagonalizable; (ii) f 2 is diagonalizable and ker f = ker f 2.

2. Find necessary and sufficient conditions on the tuple of complex numbers

(a1, . . . , an) so that the matrix⎛⎜⎜⎜⎜⎜⎜⎜⎝

0 0 · · · an

0 0 · · · 0
...

... · · · ...

0 a2 · · · 0

a1 0 · · · 0

⎞⎟⎟⎟⎟⎟⎟⎟⎠
is diagonalizable.

402. Let V be a vector space over a field K. Let F1, F2, . . . , Fn (n ∈ N, n ≥ 1) be

finitely generated subspaces of V . Prove that

dim(F1 + F2 + · · ·+ Fn) ≤ dimF1 + dimF2 + · · ·+ dimFn.

Moreover, equality holds if and only if F1 + F2 + · · ·+ Fn is a direct sum in V .

403. Let V1, V2, V3 be three subspaces of a 2014-dimensional vector space V over R.
Prove that if dimV1 + dimV2 + dimV3 > 4028 then V1 ∩ V2 ∩ V3 ̸= 0.
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404. Let E be a finite-dimensional R-vector space, and call an endomorphism u of

E nilpotent if there is a positive integer k with uk = 0. Define the nilpotency degree

of a nilpotent endomorphism u as the smallest positive integer p such that up = 0.

Let u be a nilpotent endomorphism of degree p. Prove that there exists a vector x of

E such that the system {x, u(x), . . . , up−1(x)} is linearly independent.

405. Let E be a vector space over R. A linear endomorphism f of E is called

nilpotent if there exists k ∈ N such that fk = 0 (the smallest such k is called the

nilpotency degree of f). Prove that if f is a nilpotent endomorphism of degree p

of E, then the system {idE, f, . . . , f
p−1} is linearly independent in the vector space

End(E).

406. Let V be the space of continuous real functions on [a, b], and suppose

f1, f2, . . . , fn ∈ V satisfy det

⎛⎝∫︂ b

a

fi(x)fj(x) dx

⎞⎠ = 0. Prove that the system of

vectors {f1, f2, . . . , fn} is linearly dependent in V .

407. Let A,B be n× n matrices, where B is nilpotent and AB = BA. Prove that

λ is an eigenvalue of A if and only if λ is an eigenvalue of A+ λB.

408. Let A = (aij) be an n × n matrix, where aij = bi−j if i ̸= j, and aij = 0 if

i = j, with b ̸= 0. Find the eigenvalues of A and compute det(A).

409. Let A,B be n × n matrices satisfying A − A2 + B − B2 = AB. Prove that

A+B has eigenvalue 1 if and only if A or B has eigenvalue 1.

410. Let A,B be real square matrices satisfying ATA = I and BTB = I, with

detA ̸= detB. Prove that det(A+B) = 0.

411. Let A,B,C be pairwise commuting real square matrices. Prove that there

exist real numbers a, b, c, not all zero, such that det(aA+ bB + cC) = 0.
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412. Let A = [aij] be an n× n matrix defined by aij = 0 if ij + ji = 3k; aij = 1 if

ij + ji = 3k + 1; aij = 2 if ij + ji = 3k + 2. Find the largest natural number n such

that det(A) ̸= 0.

413. Compute the determinant⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓⃓⃓
⃓

0 1 22014 32014 · · · 20142014

1 0 1 22014 · · · 20132014

22014 1 0 1 · · · 20122014

...
. . .

...

20142014 20132014 20122004 20112014 · · · 0

⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓⃓⃓
⃓
.

414. Let A ∈M2014×n(R), n ≥ 1. Prove that det(AAT + 4I2014) ≥ 24028.

415. Let A ∈M2(R), B ∈M3(R). Prove that

a. det(A) =
1

2

[︁
(tr(A))2 − tr(A2)

]︁
.

b. det(B) =
1

6

[︁
(tr(B))3 − 3 tr(B) tr(B2) + 2 tr(B3)

]︁
.

416. Compute the determinant⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓⃓⃓
⃓

a1 1 · · · 1 1

−1 a2 · · · 1 1
...

...
...

...
...

−1 −1 · · · · · · 1

−1 −1 · · · −1 a2014

⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓⃓⃓
⃓
.

417. Let A = (aij) be an n × n matrix (n ≥ 2) such that every entry aij has the

form p2, where p is a prime greater than 3. Prove that det(A) is divisible by 24n−1.

418. Let A be a square matrix of order n > 1: A = (aij), aij ∈ Z, where aij is odd
for i ̸= j and aii is even (1 ≤ i, j ≤ n). Prove that det(A) ̸= 0.
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419. Let A be a 3× 3 matrix: A = (aij) with aij ∈ K, 1 ≤ i, j ≤ n, K a field. Prove

that A2 = 0 if and only if rank(A) ≤ 1 and trace(A) = 0.

420. Compute the determinant

D =

⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓⃓

x 1 0 0 · · · 0 0

n− 1 x 2 0 · · · 0 0

0 n− 2 x 3 · · · 0 0
...

. . .
...

0 0 0 0 · · · x n− 1

0 0 0 0 · · · 1 x

⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓⃓
.

421. Let A be a 2013× 2013 matrix. Prove that if det(A−1) = 2013 then the entries

of A cannot all be integers.

422. Let f(x) = a1 + a2x+ · · ·+ anx
n−1 be a polynomial with real coefficients, and

let ω1, ω2, . . . , ωn be the n-th roots of unity. Let A be the circulant matrix whose k-th

row is a cyclic shift of (a1, . . . , an), and let B be the Vandermonde-type matrix with

(i, j)-entry ω i−1
j . Compute det(A).

423. Let W be the set of 3× 3 matrices whose entries take only the values ±1. Find

the number of matrices in W with positive determinant.

424. a) Prove that

det

⎛⎜⎜⎜⎜⎝
1 a1 a1(a1 − 1) a1(a1 − 1)(a1 − 2)

1 a2 a2(a2 − 1) a2(a2 − 1)(a2 − 2)

1 a3 a3(a3 − 1) a3(a3 − 1)(a3 − 2)

1 a4 a4(a4 − 1) a4(a4 − 1)(a4 − 2)

⎞⎟⎟⎟⎟⎠ =

∏︂
1≤i<j≤4

(aj − ai).

b) Assuming a1, a2, a3, a4 are integers, prove that

∏︂
1≤i<j≤4

(aj − ai) is divisible by 12.
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425. Let n ≥ 2 be an odd integer, and let A and B be the n × n matrices with

complex coefficients such that rank(AB +BA) = 1. Prove that the determinant of

AB −BA is equal to 0.

426. a) Let V4 denote the vector space of polynomials with real coefficients of degree

at most 4. Define e : V4 → V4 by e(f) :=

4∑︂
i=0

f (i)

i!
, where f (i) is the i-th derivative

of f (f (0) = f). Prove that e is an invertible linear map from V4 to itself. b) Let V

denote the vector space of polynomials with real coefficients. For each polynomial f ,

define e(f) :=

∞∑︂
i=0

f (i)

i!
. Prove that e is an invertible linear map from V to itself.

427. a) Let X =

(︄
Em B

C En

)︄
be a block matrix formed from the identity matrices

Em, En of orders m,n respectively, and matrices B,C of sizes m × n and n × m

respectively. Prove that

det(X) = det(En − CB) = det(Em −BC).

b) More generally, let X =

(︄
A B

C D

)︄
, where A,D are square matrices and A is

invertible. Prove that det(X) = det(A) det(D − CA−1B).

428. Let A and B be square matrices of order 2010 with real coefficients such that

detA = det(A+B) = det(A+ 2B) = · · · = det(A+ 2010B) = 0.

a) Prove that det(xA+ yB) = 0 for all x, y ∈ R. b) Give an example showing that

the conclusion of part a) is no longer true if one only assumes detA = det(A+B) =

· · · = det(A+ 2009B) = 0.

429. a) Let A be a real square matrix of order n ≥ 2 with the sum of its diagonal

entries equal to 10 and rank(A) = 1. Find the characteristic polynomial and the

minimal polynomial of A (the minimal polynomial of A is the polynomial P (t) = 0 of

smallest degree, with real coefficients and leading coefficient 1, such that P (A) = 0).
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b) Let A,B,C be real square matrices of order n, where A is invertible and commutes

with both B and C. Suppose C(A+B) = BC. Prove that B and C commute with

each other.

430. Solve the system of linear equations⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

x1 = 2(4x1 + 3x2 + 2x3 + x4)

x2 = 3(x1 + 4x2 + 3x3 + 2x4)

x3 = 4(2x1 + x2 + 4x3 + 3x4)

x4 = 5(3x1 + 2x2 + x3 + 4x4)

431. A square matrix A is called nilpotent if there exists k > 0 such that Ak = 0.

a) Prove that every strictly upper triangular n× n matrix is nilpotent, and that

the set of such matrices forms a subspace V0 of Mn(R). Compute dimV0.

b) Suppose V is a subspace of Mn(R), all of whose elements are nilpotent matrices.

Prove that dimV ≤ n2 − n

2
.

432. Let A be a square matrix of order n ≥ 2 whose entries are odd perfect squares.

Prove that det(A) is divisible by 8n−1.

433. Let A,B ∈M100(R) be two matrices satisfying A101 = 0 and AB = 2A+ 3B.

Prove that (A+B)100 = 0.

434. Let A be a square matrix of order 5 whose entries are 1 or −1. Prove that

| det(A)| ≤ 64.

435. Let A ∈ Mn(C) be a matrix of rank 1 such that TrA ∈ R and there exist

a, b ∈ C with |a| = 1 such that

A2 + aAA∗ + aA∗A+ b(A∗)2 = On,

where A∗ = A
T
. Prove that there exists u ∈ Cn such that A = ±u · ūT .
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436. Let A,B ∈ Mn(R) such that A2 = −In, detB ̸= 0, and AB = −BA. Prove
that n is even and the sign of detB is (−1)n/2.

437. Let X, Y ∈ Mn(C) such that Y 2 = Y X − XY and the rank of X + Y is 1.

Prove that Y 3 = Y XY = On.

438. Consider n ≥ 2 and A ∈ Mn(C). Prove that there exists k ∈ N, 1 ≤ k ≤ n,

and B ∈ Mn(C) such that

B2 = B, kerB = kerAk, ImB = ImAk.

439. Let A,B ∈ Mn(C). Prove that the following statements are equivalent:

1) For all matrices C ∈ Mn(C), there exist X, Y ∈ Mn(C) such that AX + Y B =

C;

2) For all matrices C ∈ Mn(C), there exist U, V ∈ Mn(C) such that A2U+V B2 =

C.

440. Consider A,B ∈ Mn(C) such that AB+BA = A+B. Prove that the following

assertions are equivalent:

a) rankAB + n = rankA+ rankB;

b) kerB ⊂ ImA.

441. Let A,B,C ∈ Mn(C) with A ̸= O such that A + BAC = BA + AC. Prove

that 1 is an eigenvalue either for matrix B or for matrix C, with algebraic multiplicity

at least
rankA

2
.
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442. We consider a natural number n, n ≥ 2, and the matrix

A =

⎛⎜⎜⎜⎜⎜⎜⎜⎝

1 2 3 . . . n

n 1 2 . . . n− 1

n− 1 n 1 . . . n− 2
...

...
...

. . .
...

2 3 4 . . . 1

⎞⎟⎟⎟⎟⎟⎟⎟⎠
.

Show that

εn det
(︁
In − A2n

)︁
+εn−1 det

(︁
εIn − A2n

)︁
+εn−2 det

(︁
ε2In − A2n

)︁
+· · ·+det

(︁
εnIn − A2n

)︁
= n(−1)n−1

[︃
nn(n+ 1)

2

]︃2n2−4n(︃
1 + (n+ 1)2n

(︃
2n+ (−1)n

(︃
2n

n

)︃)︃)︃
,

where ε ∈ C \ R, εn+1 = 1.

443. Prove that if A ∈ Mn(C) is invertible and anti-Hermitian, then the function

f : Mn(C) → Mn(C), f(X) = AX −XA2, X ∈ Mn(C),

is bijective.

444. We consider a prime number n ≥ 3, two matrices A,B ∈ Mn−1(Q), AB = BA,

and

ε = cos
2(n− 1)π

n
+ i sin

2(n− 1)π

n
,

such that

a). det(A− εB) = 0;

b).

n−1∑︂
k=0

εn−ki det(1− ε−k) det(εkB − A) ≥ 0 for all i ∈ {0, 1, . . . , n− 2};

c). detB > 0.
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Show that whatever m ≥ 1 is a natural number and whatever the rational numbers

b0, b1, . . . , bm, if

m∑︂
k=0

bkA
kBm−k ̸= On, then

det

⎛⎜⎝
m∑︂
k=0

bkA
kBm−k

⎞⎟⎠ ̸= 0.

445. Let A,B ∈ Mn(R) be two real, symmetric matrices with nonnegative eigenval-

ues. Prove that

A3 +B3 = (A+B)3 if and only if AB = On.

446. Let A ∈ Mn(R) be a matrix with real eigenvalues such that

Tr(A2) = Tr(A4) = Tr(A6).

Prove that Tr(A2020) = Tr(A2) and Tr(A2021) = Tr(A3).

447. Consider C ∈ Mn(C), C = A+ iB, A,B ∈ Mn(R), with rankC = 1. Prove

that:

a) Tr(A2 +B2) ≥ 0;

b) if Tr(A2 +B2) = 0, then A2 +B2 = On.

448. Let n, k ∈ N∗, a ∈ C∗ and A ∈ Mn(C) such that Ak+1 = a · A. Prove that

Tr(Ak) = a · rankA.

449. For a matrix M ∈ Mn(C), we denote kerM = {X ∈ Mn,1(C) :MX = On,1}.
Prove that, for any A,B,C ∈ Mn(C), the following assertions are equivalent:

(i) AB = A, BC = B, CA = C;

(ii) A2 = A, B2 = B, C2 = C, kerA = kerB = kerC.
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450. Let A,B ∈ Mn(C) be two matrices of the same rank and let k ∈ N∗. Then

Ak+1Bk = A if and only if Bk+1Ak = B.

451. Let An be the n× n determinant

An =

⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓⃓⃓
⃓

a b b · · · b b

c a b · · · b b

c c a · · · b b
...

...
...

. . .
...

...

c c c · · · c a

⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓⃓⃓
⃓
, a, b, c ∈ R.

Find a recurrence formula for An.

452. Let m,n ∈ N+. Consider matrices

A,B ∈ Mn(C)

and complex numbers a0, a1, . . . , am, with a0 ̸= 0 and am ̸= 0, such that

A
(︁
a0In + a1B + a2B

2 + · · ·+ amB
m
)︁
= B.

Prove that

AB = BA.

453. Let A and B be two n× n matrices that are orthogonal projections, i.e.

A2 = A = A∗, B2 = B = B∗.

Let
√
A+B denote the positive semidefinite square root of A+B. Prove that

tr(A+B)−(2−
√
2) rank(AB) ≤ tr

√
A+B ≤ (

√
2−1) tr(A+B)+(2−

√
2) rank(A+B),

and show that equality holds simultaneously if and only if

AB = BA.
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454. Let

M = {A1, A2, . . . , An}

be a set of n ≥ 2 matrices in

M2026(C)

such that

AB ∈M for all A,B ∈M.

Prove that there exist

ε1, ε2, . . . , εn ∈ {−1, 0, 1},

not all zero, such that

rank (ε1A1 + ε2A2 + · · ·+ εnAn) ≤ 1013.

455. Let A ∈ M2(R) be a matrix with real entries such that

det(A2014 − I2) = det(A2014 + I2)

and

det(A2016 − I2) = det(A2016 + I2).

Prove that

det(An − I2) = det(An + I2)

for every n ∈ N.
Here N denotes the set of positive integers and I2 is the 2× 2 identity matrix.

456. Consider A,B ∈ Mn(C) such that

AB = BA, detB ̸= 0.

(a) If

| det(A+ zB)| = 1 for all z ∈ C with |z| = 1,

prove that

An = 0n.

(b) Is the conclusion still true if the commutativity condition is dropped?
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457. Let S denote the vector space of real n× n skew-symmetric matrices. For a

nonsingular matrix A, compute the determinant of the linear map

TA : S → S, TA(X) = AXAt.

458. Let M7×7 denote the vector space of real 7× 7 matrices. Let A be a diagonal

matrix in M7×7 that has +1 in four diagonal positions and −1 in three diagonal

positions. Define the linear transformation T on M7×7 by T (X) = AX −XA. What

is the dimension of the range of T?

459. Let F be a field. For m and n positive integers, let Mm×n be the vector space

of m× n matrices over F . Fix m and n, and fix matrices A and B in Mm×n. Define

the linear transformation T from Mn×m to Mm×n by

T (X) = AXB.

Prove that if m ̸= n, then T is not invertible.

460. Determine all solutions to the following infinite system of linear equations in

the infinitely many unknowns x1, x2, . . .:

x1 + x3 + x5 = 0

x2 + x4 + x6 = 0

x3 + x5 + x7 = 0

...

How many free parameters are required?

461. Let A and B be n × n matrices with complex entries such that B is not

invertible and

AB2 −B2A = adj(B).

Prove that (︁
adj(B)

)︁2
= On,

where On is the n× n zero matrix. Here, adj(B) is the adjugate matrix of B.
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462. Let A be a real m × n matrix with rational entries and let b be an m-tuple

of rational numbers. Assume that the system of equations Ax = b has a solution x

in complex n-space Cn. Show that the equation has a solution vector with rational

components, or give a counterexample.

463. Prove that a real n × n matrix A satisfying (A + AT )k+2 + 2(A + AT )k =

3(A+ AT )k+1 for some positive integer k has nonnegative sum of entries.

464. Let A,B be nilpotent n× n complex matrices with A2B − 2ABA+BA2 = A.

Show that there exists a finite set S ⊂Mn(C) containing B such that AX −XA+

X + A ∈ S for all X ∈ S if and only if A = On.

465. Let A ∈ Mn(C) and a ∈ C, a ≠ 0, such that A−A∗ = 2aIn, where A
∗ = (Ā)t

and Ā is the conjugate of the matrix A.

(a) Show that | detA| ≥ |a|n.

(b) Show that if | detA| = |a|n then A = aIn.

466. Let integer n ≥ 2, a1, a2, . . . , an be real numbers. The matrix

A =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0 · · · 0 a1

1 0 0 · · · 0 a2

0 1 0 · · · 0 a3
...

...
...

. . .
...

...

0 0 0 · · · 0 an−1

0 0 0 · · · 1 an

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

For the linear space V = {X ∈Mn(R) | X⊤ = X}, linear transformation F : V → V ,

F (X) = AXA⊤. Find tr(F ) and det(F ).

467. Let S+
n (R) denote the set of real symmetric n × n matrices with positive

eigenvalues. Let A ∈ S+
n (R). We want to show that there exists a unique matrix

B ∈ S+
n (R) such that

B2 = A.

(a) Prove existence.
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(b) Show that if B ∈ S+
n (R) satisfies B2 = A, then for every λ ∈ SpA,

Ker(B −
√
λIn) ⊂ Ker(A− λIn)

and then

Ker(B −
√
λIn) = Ker(A− λIn).

(c) Conclude uniqueness.

468. Let S+
n (R) denote the set of real symmetric n × n matrices with positive

eigenvalues. Let S ∈ S+
n (R).

(a) Show that there exists a matrix A ∈ S+
n (R) that is a polynomial in S satisfying

A2 = S.

(b) Let B ∈ S+
n (R) satisfy B2 = S. Show that B commutes with A, and hence

B = A.

469. Let

A =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

10 −9 0 0 0 0 0 −9

−9 10 −9 0 0 0 0 0

0 −9 10 −9 0 0 0 0

0 0 −9 10 −9 0 0 0

0 0 0 −9 10 −9 0 0

0 0 0 0 −9 10 −9 0

0 0 0 0 0 −9 10 −9

−9 0 0 0 0 0 −9 10

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

Let the eigenvalues of A be λ1 ≤ · · · ≤ λ8, find λ6.

470. Let A be a real symmetric positive matrix of size n. For α > 0, let

Sα = {M ∈ Sn(R) | SpM ⊂ R+ and det(M) ≥ α}.

The goal is to prove the formula:

inf
M∈Sα

tr(AM) = n(α det(A))1/n.
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(a) Prove the formula in the case A = In.

(b) Show that every real symmetric positive matrix A can be written as A = tPP

for some square matrix P of size n.

(c) Prove the formula.

(d) Is the result still true if α = 0?

471. Let m,n, k be positive integers. Define a linear transformation f : Mm×n →
Mk×n. Let

W = {L | L(AB) = L(A)B, ∀A ∈Mm×n, B ∈Mn×n}.

Find dimW .

472. Let n be a positive integer and C be the n× n matrix with entries

Ckℓ = cos

(︃
(k + ℓ)π

n

)︃
for 0 ≤ k, ℓ ≤ n− 1.

Calculate detC.

473. Let A ∈ Mn(C) such that A∗A2 = AA∗. Prove that A2 = A. (Here we denote

by A∗ the conjugate transpose of A.)

474. Determine the matrices A ∈Mn(C), n ≥ 2, with the property that rank(A2) +

rank(B2) ≥ 2 rank(AB) for every B ∈Mn(C).

475. Let A be an n× n matrix such that A4 = In. Prove that A2 + (A+ In)
2 and

A2 + (A− In)
2 are invertible.

476. Let p be an odd prime number and A ∈ Mp(Q) a matrix such that det(Ap +

Ip) = 0 and det(A+ Ip) ̸= 0. Prove that:

(a) Tr(A) is an eigenvalue of A+ Ip.

(b) det(A+ Ip)− det(A− Ip) = (p− 1)Tr(A) + 2.
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477. Let k, n be natural numbers, x1, x2, . . . , xk be distinct complex numbers and

the matrix A ∈ Mn(C) such that (A− x1In)(A− x2In) · · · (A− xkIn) = On. Prove

that

rank(A− x1In) + rank(A− x2In) + · · ·+ rank(A− xkIn) = n(k − 1).

478. Let K be a field and let n ≥ 1. Let A,B ∈ Mn(K) such that [A,B] commutes

with A or B.

If charK = 0 or charK > n then it is known that [A,B] is nilpotent, i.e., [A,B]n = 0.

Prove that this result no longer holds if 0 < charK ≤ n. (Here by [·, ·] we mean the

commutator, [A,B] = AB −BA.)

479. Prove that, for a matrix A ∈ Mn(C), the next assertions are equivalent:

(a) A2 = A;

(b) rankA+ rank(In − A) = n.

480. Consider matrices A,B ∈ Mn(R).

(a) Show that there exists a > 0 such that, for every ε ∈ (−a, a), ε ≠ 0, the matrix

equation

AX + εX = B, X ∈ Mn(R),

has a unique solution X(ε) ∈ Mn(R).

(b) If B2 = In and A is diagonalizable, show that

lim
ε→0

εTr(BX(ε)) = n− rankA,

where Tr denotes the trace of a matrix.

481.

(a) Show that for every matrix X ∈ M2(C) there exists a matrix Y ∈ M2(C) such
that Y 3 = X2.

(b) Show that there exists a matrix X ∈ M3(C) such that for every matrix Y ∈
M3(C), Y 3 ̸= X2.
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482. Let n, k ∈ N∗ and let A1, . . . , Ak ∈ Mn(R) be idempotent matrices. Show that

k∑︂
i=1

(n− rank(Ai)) ≥ rank

⎛⎜⎝In −
k∏︂

i=1

Ai

⎞⎟⎠ .

483. Let Hk =

k∑︂
j=1

1/j, and let Dn be the determinant of the (n + 1) × (n + 1)

Hankel matrix with (i, j) entry Hi+j+1 for 1 ≤ i, j ≤ n. (Thus, D1 = −5/12 and

D2 = 1/216.) Show that for n ≥ 1,

Dn =

n∏︂
i=1

i!4

2n+1∏︂
i=1

i!

·

n∑︂
j=0

(−1)j(n+ j + 1)!Hj+1

j!(j + 1)!(n− j)!
.

Hint. Let H be the (n+ 1)× (n+ 1) Hilbert matrix with (i, j) entry 1/(i+ j + 1) for

0 ≤ i, j ≤ n. Show that

det(H) =

n∏︂
i=1

i!4

2n+1∏︂
i=1

i!

.

484. Let A be a positive-definite n× n Hermitian matrix with minimum eigenvalue

λ and maximum eigenvalue Λ. Show that(︃
n

tr((A+ λI)−1)
− λ

)︃n

≤ det(A) ≤
(︃

n

tr((A+ ΛI)−1)
− Λ

)︃n

.

Hint: Notice that tr((A + λI)−1) =

n∑︂
k=1

1/(λ + λk), where λ1, . . . , λn denote the

eigenvalues of A.
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485. Let A be an r × r matrix with distinct eigenvalues λ1, . . . , λn. For n ≥ 0,

let a(n) be the trace of An. Let H(n) be the r × r Hankel matrix with (i, j) entry

a(i+ j + n− 2). Show that

lim
n→∞

| detH(n)|1/n =

r∏︂
k=1

|λk|.

486. LetM be the set of all 3×3 matrices with complex entries. Suppose A,B ∈M

with AB = BA and Tr(Ak) = Tr(Bk) for k ∈ {1, 2, 3}. Suppose further that n ≥ 4

and that An −Bn is invertible. Prove that there exist complex numbers α, β, γ such

that

A2n +B2n + AnBn + αAn + βBn + γI = 0.

487. Let n be a positive integer, and let A = (aij)
n
i,j=1 be the n × n matrix with

aii = 2, ai,i±1 = −1, and aij = 0 otherwise; that is,

A =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

2 −1 0 0 · · · 0 0 0

−1 2 −1 0 · · · 0 0 0

0 −1 2 −1 · · · 0 0 0

0 0 −1 2 · · · 0 0 0
...

...
...

...
. . .

...
...

...

0 0 0 0 · · · 2 −1 0

0 0 0 0 · · · −1 2 −1

0 0 0 0 · · · 0 −1 2

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

Prove that every eigenvalue of A is a positive real number.

488. Let A be a real symmetric n× n matrix with nonnegative entries. Prove that

A has an eigenvector with nonnegative entries.

489. Let An be the n× n matrix whose entries ajk are given by

ajk =

⎧⎨⎩1 if |j − k| = 1

0 otherwise.

Prove that the eigenvalues of A are symmetric with respect to the origin.
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490. Let A = (aij)
n
i,j=1 be a real n× n matrix with nonnegative entries such that

n∑︂
j=1

aij = 1 (1 ≤ i ≤ n).

Prove that no eigenvalue of A has absolute value greater than 1.

491. Let S be a special orthogonal n × n matrix, a real n × n matrix satisfying

StS = I and det(S) = 1.

1. Prove that if n is odd then 1 is an eigenvalue of S.

2. Prove that if n is even then 1 need not be an eigenvalue of S.

492. Let A and B be two n× n self-adjoint (i.e., Hermitian) matrices over C such

that all eigenvalues of A lie in [a, a′] and all eigenvalues of B lie in [b, b′]. Show that

all eigenvalues of A+B lie in [a+ b, a′ + b′].

493. Let k be real, n an integer ≥ 2, and let A = (aij) be the n × n matrix such

that all diagonal entries aii = k, all entries ai,i±1 immediately above or below the

diagonal equal 1, and all other entries equal 0. For example, if n = 5,

A =

⎛⎜⎜⎜⎜⎜⎜⎝
k 1 0 0 0

1 k 1 0 0

0 1 k 1 0

0 0 1 k 1

0 0 0 1 k

⎞⎟⎟⎟⎟⎟⎟⎠ .

Let λmin and λmax denote the smallest and largest eigenvalues of A, respectively. Show

that λmin ≤ k − 1 and λmax ≥ k + 1.

494. If A is an n× n matrix such that A3 = pA2 + qA+ rI, determine (A− I)−1

assuming it exists.

495. Let r, s, t be non-zero linear transformations on a finite-dimensional vector

space V such that r ◦ t ◦ r = 0. Let p = r ◦ s and q = r ◦ (s + t), and suppose
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that the minimum polynomials of p, q are p(X), q(X) respectively. Prove that (with

composites written as products)

(1) qn = pn−1q and pn = qn−1p for all n ≥ 1;

(2) p(X) and q(X) are divisible by X;

(3) q satisfies Xp(X) = 0, and p satisfies Xq(X) = 0.

Deduce that one of the following holds:

(i) p(X) = q(X);

(ii) p(X) = Xq(X);

(iii) q(X) = Xp(X).

496. A 3× 3 complex matrix M is said to be magic if every row sum, every column

sum, and both diagonal sums are equal to some ϑ ∈ C.
If M is magic, prove that ϑ = 3m22. Deduce that, given α, β, γ ∈ C, there is a unique

magic matrix M(α, β, γ) such that

m22 = α, m11 = α+ β, m31 = α+ γ.

Show that {M(α, β, γ) | α, β, γ ∈ C} is a subspace of Mat3×3(C) and that

B = {M(1, 0, 0), M(0, 1, 0), M(0, 0, 1)}

is a basis of this subspace.

If f : C3 → C3 represents M(α, β, γ) relative to the canonical basis {e1, e2, e3}, show
that e1 + e2 + e3 is an eigenvector of f . Determine the matrix of f relative to the

basis {e1 + e2 + e3, e2, e3}. Hence find the eigenvalues of M(α, β, γ).

497. If V is a finite-dimensional vector space over a field F and e, f ∈ L(V, V ) are

projections, prove that Im e = Im f if and only if e ◦ f = f and f ◦ e = e.

Suppose that e1, . . . , ek ∈ L(V, V ) are projections with Im e1 = Im e2 = · · · = Im ek.

Let λ1, . . . , λk ∈ F be such that

k∑︂
i=1

λi = 1. Prove that

e = λ1e1 + λ2e2 + · · ·+ λkek
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is a projection with Im e = Im ei.

Is it necessarily true that if f1, . . . , fk ∈ L(V, V ) are projections and

k∑︂
i=1

λi = 1 then

k∑︂
i=1

λifi is also a projection?

498. A net over the interval [0, 1] of R is a finite sequence (ai)0≤i≤n+1 such that

0 = a0 < a1 < · · · < an < an+1 = 1.

A step function on [0, 1) is a mapping f : [0, 1) → R for which there exists a net

(ai)0≤i≤n+1 over [0, 1] and a finite sequence (bi)0≤i≤n of elements of R such that

f(x) = bi for all x ∈ [ai, ai+1).

Show that the set E of step functions on [0, 1) is a vector space over R and that a

basis of E is the set {ek | k ∈ [0, 1)} of functions ek : [0, 1) → R given by ek(x) = 0 if

0 ≤ x < k and ek(x) = 1 if k ≤ x < 1.

A piecewise linear function on [0, 1) is a mapping f : [0, 1) → R for which there

exists a net (ai)0≤i≤n+1 and sequences (bi)0≤i≤n, (ci)0≤i≤n of elements of R such that

f(x) = bix+ ci for all x ∈ [ai, ai+1).

Let F be the set of piecewise linear functions on [0, 1) and let G be the subset of F

consisting of the piecewise linear functions g that are continuous with g(0) = 0. Show

that F,G are vector spaces over R and that F = E ⊕G.

Show that a basis of G is the set {gk | k ∈ [0, 1)} of functions given by gk(x) = 0 if

0 ≤ x < k and gk(x) = x− k if k ≤ x < 1.

499. A square matrix A = (aij)n×n over a field F is given. Suppose that there are

scalars xi, yi ∈ F such that aij = xi + yj (1 ≤ i, j ≤ n). Prove that rank(A) ≤ 2.

500. Let F be a field, n ∈ N, and A ∈Mn(F ) with rank(A) = 1. Prove

det(I + A) = 1 + tr(A).

501. Let An be the n× n (0, 1)-matrix with 1s in exactly those positions (j, k) such

that n ≤ j + k ≤ n+ 1. Find the eigenvalues of An.
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502. An n-dimensional vector space V and a linear transformation θ : V → V are

given. Consider the powers of θ, i.e., θ0 = 1, θ, θ2, . . . . Prove that there is a nonzero

integer s such that

V = im(θs)⊕ ker(θs).

503. Let A1, . . . , An be mutually commuting m×m matrices such that A2
i = 0 for

all 1 ≤ i ≤ n. If m < 2n, prove that A1A2 · · ·An = 0.

504. Let Vn be the vector space of polynomials of degree less than n over the field

R. If D ∈ L(Vn, Vn) is the differentiation map, find ImD and KerD. Prove that

ImD ≃ Vn−1 and that KerD ≃ R. Is it true that

Vn = ImD ⊕KerD ?

Do the same results hold if the ground field R is replaced by the field Z2?

505. Let V be a finite-dimensional vector space and let t ∈ L(V, V ). Establish the

chains

V ⊇ Im t ⊇ Im t2 ⊇ · · · ⊇ Im tn ⊇ Im tn+1 ⊇ · · · ;

{0} ⊆ Ker t ⊆ Ker t2 ⊆ · · · ⊆ Ker tn ⊆ Ker tn+1 ⊆ · · · .

Show that there is a positive integer p such that Im tp = Im tp+1 and deduce that

(∀k ≥ 1) Im tp = Im tp+k and Ker tp = Ker tp+k.

Show also that

V = Im tp ⊕Ker tp

and that the subspaces Im tp and Ker tp are t-invariant.

506. Let V be a vector space of dimension n over a field F and let f : V → V

be a non-zero linear transformation such that f ◦ f = 0. Show that if Im f is

of dimension r then 2r ≤ n. Suppose now that W is a subspace of V such that

V = Ker f ⊕W . Show that W is of dimension r and that if {w1, . . . , wr} is a basis of

W then {f(w1), . . . , f(wr)} is a linearly independent subset of Ker f . Deduce that
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n− 2r elements x1, . . . , xn−2r can be chosen in Ker f such that

{w1, . . . , wr, f(w1), . . . , f(wr), x1, . . . , xn−2r}

is a basis of V .

Hence show that a non-zero n× n matrix A over F is such that A2 = 0 if and only if

A is similar to a matrix of the form ⎛⎜⎝0r 0

Ir 0

0 0

⎞⎟⎠ .

507. For n× n matrices A,B, let C = AB −BA. If C commutes with both A and

B, then

(a) Show that ABk −BkA = kBk−1C for every positive integer k.

(b) Show that there exists a positive integer m such that Cm = 0.

508. Let A be an n× n matrix with real entries. Prove that

det(A) =
1

n!
det

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

tr(A) 1 0 · · · · · · 0

tr(A2) tr(A) 2 0 · · · 0

tr(A3) tr(A2) tr(A) 3
. . .

...
...

...
...

. . . . . . 0

tr(An−1) tr(An−2) · · · · · · tr(A) n− 1

tr(An) tr(An−1) · · · · · · tr(A2) tr(A)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

509. Let n ≥ 3 be an integer, and let An = (aij) ∈ Mn(R) be the matrix whose

entries are defined piecewise by

aij =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
1 if i = j or i = j − 1,

1 if (i, j) = (n, 1),

0 otherwise.

Compute det(An).
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510. For A ∈ Mm×n(R), B ∈ Mn×m(R), prove rank(Im + AB) − m = rank(In +

BA)− n.

511. Let A,B ∈Mn(R) with A3 +B = BA, then prove that AB = BA.

512. Does there exist a linear map f : M2026(R) → M2026(R) with f(f(A)) =

2A+ 3AT for all A?

513. Let M be the set of real 2026× 2026 matrices with at most two 1’s per row

(all other entries 0). Find |{det(A) : A ∈M}|.

514. Let A,B ∈Mn(R), [A,B] := AB −BA, then prove that tr([A,B]) = 0.

515. Let C ∈ Mn(R) have tr(C) = 0. Prove that C is a sum of commutators

[A1, B1] + · · ·+ [Ak, Bk].

516. Let A ∈Mn(R) be a diagonal matrix whose characteristic polynomial factors

as
s∏︂

i=1

(x− xi)
ni ,

where x1, . . . , xs are pairwise distinct real numbers and n1 + · · ·+ ns = n. Let

V = {B ∈Mn(R) : AB = BA}

denote the centralizer of A in Mn(R). Prove that

dimR V =

s∑︂
i=1

n2
i .

517. For a0, . . . , an ∈ R, let V = {f ∈ Ck[0, 1] : anf
(n) + · · · + a0f = 0 on [0, 1]}.

Show V is a subspace of Ck[0, 1] and find dimV .
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518. For A,B ∈Mn(R) with A2 +B2 = AB, prove that if BA− AB is invertible

then 3 | n.

519. For a linear operator A, prove dimKerAn+1 = dimKerA+

n∑︂
k=1

dim(ImAk ∩

KerA) and dim ImA = dim ImAn+1 +

n∑︂
k=1

dim(ImAk ∩KerA).

520. Let X, Y ∈M3(R) with X2 + Y X + Y 2 = XY and F (X) ≤ 0 (sum of order-2

principal minors), then prove that (XY )2 = X2Y 2.

521. For M ∈Mn(R), A =MTM : show eigenvalues of A are non-negative; and if

(Xi) is orthonormal with (MXi) orthogonal, show Xi are eigenvectors of A.

522. For A = (aij) ∈ S+
n (R) with largest diagonal entry m, show |aij| ≤ m for all

i, j.

523. For symmetric A ∈Mn(R) with non-negative eigenvalues, show tr(AU) ≤ tr(A)

for all U ∈ On(R).

524. For A,B ∈ Sn(R) with non-negative eigenvalues:

(a) Show that there exists a symmetric matrix C such that C2 = A.

(b) Show that

det(A) + det(B) ≤ det(A+B).

525. For symmetric positive A ∈Mn(R) with all non-zero entries, let B have entries

1/aij. Show B ∈ S+
n (R) ⇐⇒ rank(A) = 1.

526. Let M ∈Mn(R), then prove that rankM2 ≤ rankM + rankM3

2
.
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527. Let A,B ∈M2(R) with det(A−B) = 0 and A2 +BA+B2 = AB. Determine

A2026 +B2026.

528. For A,B ∈Mn(R) with A,B,A+ B invertible and A−1 + B−1 = (A+ B)−1,

show detA = detB.

529. Let T : V → V be linear with non-zero eigenvectors v1, . . . , vn of distinct

eigenvalues λ1, . . . , λn; prove v1, . . . , vn are linearly independent (and deduce linear

independence of sin(c1x), . . . , sin(cnx) for distinct positive ci).

530. Prove A,B ∈Mn(C) have a common eigenvalue if and only if AX = XB for

some X ̸= 0.

531. For an n× n positive definite real matrix A, show A = B2 for some symmetric

B; for positive definite C,D, show all eigenvalues of CD are real and positive.

532. If the characteristic polynomials of xA1 + yA2 and xB1 + yB2 (symmetric

Ai, Bi) agree for all x, y, must there exist an orthogonal U with UAiU
T = Bi, i = 1, 2?

533. For TA(X) = AXAt on Mn(R), prove tr(TA) = tr(A)2 and det(TA) = det(A)2n.

534. Let A be a real symmetric m × m matrix with m distinct eigenvalues and

v1, . . . , vm be the corresponding eigenvectors. Let C be an m×m matrix satisfying

⟨Cvj, vj⟩ = 0 for 1 ≤ j ≤ m. Prove that there exists an m×m matrix X such that

AX −XA = C.

535. Suppose V is a finite dimensional real vector space, and

T : V → V

is a linear transformation such that Rank(T 2) = Rank(T ).

(a) Prove that Ker(T ) = Ker(T 2).

(b) Prove that Ker(T ) ∩ T (V ) = {0}.
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Here T (V ) = {T (v) : v ∈ V }.

536. Let V be a finite dimensional real vector space and suppose P1, P2 are two

non-zero linear transformations from V to V such that the following conditions hold:

� P1 + P2 = I, I is the identity map from V to V .

� P1P2 = P2P1 = 0.

Prove the following statements:

(a) P 2
i = Pi, for i = 1, 2.

(b) Let i ∈ {1, 2}. Then prove that the following statements are equivalent:

(i) v ∈ Pi(V ).

(ii) Piv = v.

(c) P1(V ) ∩ P2(V ) = {0}.

537. Let V be a finite dimensional real vector space and T : V → V a linear map

which is diagonalizable. Let λ be an eigenvalue of T and W = Ker(T − λI), where

I : V → V is the identity map.

(a) Show that there exists a subspace U of V such that

U ∩W = {0} and V = {u+ w : u ∈ U,w ∈ W}.

(b) Suppose S : V → V is a linear map such that ST = TS. Prove that S(U) ⊆ U

and S(W ) ⊆ W .

538. Let n be a positive integer, and let A be the 2n-by-2n skew-symmetric matrix

with (j, k)-entry sin(j − k)/ sin(j + k). Prove

det(A) =

∏︂
1≤j<k≤2n

(︃
sin(j − k)

sin(j + k)

)︃2

.
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539. Let A be an m× n real matrix.

(a) Show that N(A)∩ Im(AT ) = {0}, where AT is the transpose of A, Im(A) is the

image of A and N(A) = {v ∈ Rn : Av = 0}.

(b) If for two suitable matrices B and C, AATB = AATC then show that ATB =

ATC.

540. Let V be a finite dimensional vector space over R. Suppose that a subset

A ⊂ V has the following property: For any finite set of scalars a1, a2, . . . , an ∈ R which

satisfies

n∑︂
i=1

ai = 1 and any vectors v1, v2, . . . , vn ∈ A, a1v1 + a2v2 + · · ·+ anvn ∈ A.

Show that A = x0 + W for some x0 ∈ V and some subspace W of V , where

x0 +W = {x0 + v : v ∈ W}.

541. Suppose ai,j ∈ [0, 1] for 1 ≤ i ≤ n and 1 ≤ j ≤ n. Let B be the n-by-n matrix

with (i, j)-entry bi,j defined by bi,j = ai,j when j ̸= i− 1 and bi,j = −

n∑︂
k=1

ai,k when

j = i− 1.

(a) Evaluate det(B) in the case where ai,j = 1 for all i and j.

(b) Show that the value in part (a) is the maximum possible value of det(B).

(c) Show that det(B) ≥ 0 in all cases.

542. Given real numbers x1, . . . , x2n, let A be the skew-symmetric 2n-by-2n matrix

with entries ai,j = (xi − xj)
2 for 1 ≤ i < j ≤ 2n. Prove

det(A) = 4n−1
(︁
(x1 − x2)(x2 − x3) · · · (x2n−1 − x2n)(x2n − x1)

)︁2
.

543. Let n be a positive integer, and let A and B denote n-by-n real symmetric

matrices with nonnegative eigenvalues. Prove that A5 +B5 = (A+B)5 if and only if

AB = 0.

544. Let J be a 2× 2 real matrix such that J2 = −I, where I is the identity matrix.
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(a) Show that if v ∈ R2 and v ̸= 0, then the vectors v, Jv ∈ R2 are linearly

independent.

(b) Show that there exists an invertible 2× 2 real matrix U such that

UJU−1 =

(︄
0 −1

1 0

)︄
.

545. Suppose V is a 3-dimensional real vector space and T : V → V is a linear map

such that T 3 = 0 and T 2 ̸= 0.

(a) Show that there exists a vector v ∈ V such that the set {v, T (v), T 2(v)} is a

basis of V .

(b) Suppose S : V → V is another linear map such that S3 = 0 and S2 ̸= 0. Show

that there exists an invertible linear map U : V → V such that S = UTU−1.

546. Let Mn(F ) be the set of n-by-n matrices with entries in a field F . Find all

symmetric and invertible matrices A ∈ Mn(R) for which there exists an invertible

matrix B ∈Mn(C) such that

AB +BA = B(A2 + I),

where I is the n-by-n identity matrix.

547. Let A be a diagonal matrix of order n (n ≥ 1) such that the characteristic

polynomial of A is

(x− x1)
n1(x− x2)

n2 · · · (x− xs)
ns ,

where x1, x2, . . . , xs are distinct real numbers and n1, n2, . . . , ns are positive integers

such that n1 + n2 + · · ·+ ns = n. Denote by V the space of all real square matrices

B of order n such that AB = BA. Prove that

dimR V = n2
1 + n2

2 + · · ·+ n2
s.

548. Suppose that A1, A2, . . . , A11 are elements of M2025(R) satisfying the following

conditions:

A2
i = O2025, ∀ 1 ≤ i ≤ 11,
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AiAj = AjAi, ∀ 1 ≤ i < j ≤ 11.

Show that A1A2 · · ·A11 = O2025.

549. Let a ∈ C and A,B ∈Mn(C) be two n× n square complex matrices satisfying

A = AB −BA+ A2B − 2ABA+BA2.

Show that A is nilpotent.

550. Suppose f :Mn(R) → R≥0 satisfies the two conditions:

1. Multiplicativity: ∀A,B ∈Mn(R): f(AB) = f(A)f(B).

2. Local boundedness: ∀A ∈Mn(R), f(A) ≤ C(∥A∥2), where C : R≥0 → R≥0 is a

monotonous function, and the norm ∥ · ∥2 is defined as

∥A∥2 =

√︄
sup
v ̸=0

vTATAv

vTv
.

Find all functions f satisfying such conditions.

551. Let A ∈M2n(R) be a symmetric matrix, i.e., aij = aji for every 1 ≤ i, j ≤ 2n.

Assume further that A admits 2n eigenvalues such that

λ1 ≥ · · · ≥ λn > 1 > λn+1 ≥ · · · ≥ λ2n.

Define V = {x ∈ R2n : xTAx = xTx}. Show that V contains a vector subspace of

dimension at least n.

552. Let V be a finite set of vectors in R2 such that∑︂
v∈V

|v| = π.
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Prove that there exists a subset U of V such that⃓⃓⃓⃓
⃓⃓⃓∑︂
v∈U

v

⃓⃓⃓⃓
⃓⃓⃓ ≥ 1.

553.

Find all fields F and vector spaces V over F (up to isomorphism) for which every

function

f : V → V

that satisfies

f(cv) = cf(v)

for all v ∈ V and c ∈ F is linear, that is, also satisfies

f(v1 + v2) = f(v1) + f(v2)

for all v1, v2 ∈ V .

554.

For non-negative integers i and j, define

aij :=

⎧⎪⎪⎪⎨⎪⎪⎪⎩
i(i− 1) · · · (i− j + 1), if 1 ≤ j ≤ i,

1, if i = 0 and j ≥ 0, or j = 0 and i ≥ 0,

0, if j > i ≥ 1.

Now let m be a positive integer. Prove that every m×m submatrix of the infinite

matrix

(a2i,j)

with

0 ≤ j ≤ m− 1 and i ≥ 0

has rank m, and, in addition, that

m∑︂
i=0

(−1)i
(︃
m

i

)︃
a2k+2i,j = 0
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for

0 ≤ j ≤ m− 1

and any

k ∈ N.

555.

Evaluate the (n+ 2)× (n+ 2) symmetric determinant⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓⃓

0 1 1 1 · · · 1

1 0 a1 a2 · · · an

1 a1 0 a1 + a2 · · · a1 + an

1 a2 a2 + a1 0 · · · a2 + an
...

...
...

...
. . .

...

1 an an + a1 an + a2 · · · 0

⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓⃓
.

100


