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1. (Vandermonde determinant) Let

2 n—1
]. xl :I:l tt IEI
1 zp 3 --- zp !
V =
2 n—1
1l z, =z, -~ =z,

Show that det V' = H (x; — ;).
1<i<j<n

2. Let A and B be n x n matrices satisfying A + B = AB. Show that AB = BA.

3. Suppose A, B,C, D are n x n matrices, satisfying the conditions that ABT and
CDT are symmetric and ADT — BCT = I. Prove that ATD — CTB = 1.

4. Do there exist square matrices A and B such that AB — BA =17

5. Let A= (a;;) be a real n x n matrix satisfying |a;;| > g la;;| for all 1 <7 <mn.
JF

Prove that A is invertible.

6. Let
0o 2 -1

A=1-2 0 2
1 -2 0

and let I35 denote the 3 x 3 identity matrix.
(a) Verify that A + I3 is nonsingular.
(b) Verify that (Is — A)(I3 + A)™' = (I3 + A)7!(I; — A).
(¢) Verify that the matrix Q = (I3 — A)(Is + A)~! is orthogonal (i.e., QF = Q™).

(d) Determine all real eigenvalues of the matrix @), along with their corresponding

eigenvectors.

(e) Prove properties (a), (b), and (c) for the general case where A is an arbitrary

3 x 3 skew-symmetric matrix (A7 = —A).




7. Consider the quadratic form ¢(z) = 27 Az, where

N

I
S =N
— N =
N = O

and z € R? is a non-zero column vector.

(a) Determine the orthogonal transformation z = Qy that reduces the quadratic

form to its canonical form.

(b) Find the extreme values of the function ¢ : R*\ {(0,0,0)’} — R given by
T

xt Az
g(r) = —5—, as well as the vectors where these values are attained.
xlz

8. Let A € M(C). Prove that for any positive integer p € N*,

det(AP + I) = (det A)P + tr(AP) + 1.

9. Consider a matrix A € M(C) such that det A = 1. Prove that

det(A* + I,) + det(A? + 24 — I) = 8.

10. Let A € M5(R) such that det A = d # 0 and det(A + dA*) = 0, where A*
denotes the adjugate matrix of A. Prove that det(A — dA*) = 4.

11. Let x > 0 be a real number and let A € M5(R) be a matrix such that det(A? +
xl,) = 0. Prove that det(A® + A+ z1,) = x.

12. Let A € My(R). Prove that

det(A* + A+ L) > ~(1 —det A)>.

1w

13. Let a,b € R such that b — a®> > 0. Find all matrices A € M,(R) satisfying
det(A? — 2aA + bly) = 0.




14. Let A € M3(C) be a matrix such that all entries on the main diagonals of A
and A? are zero. Prove that if |det A| < 1, then det(I5 + A™) # 0 for all n € N*.

15. Let A € M;3(C) be an invertible matrix. Prove that if AT A" = B, then

det(I3+ B) =2(1 +tr B) and det(I3 + B?) = 2(1 + tr B?).

16. Let A, B € M;(C) such that (AB — BA)(AB — BA — I3) = Os. Prove that
AB = BA.

17. Let A € My(R) be a symmetric matrix. Prove that det(A+1y) = 4+/det(A2? + Iy)
if and only if A = I,.

18. Let A € M,(R). If AAT = I,,, prove that |tr A| < n.

19. Let n > 2 be an integer, and let A, B, C' € M,,(C) be three mutually commuting
matrices such that A% = B199 — 1999 — O = Prove that the matrix I,, + A% +
B? + C? is invertible.

20. Let A € M,,(Q) be a matrix such that det (A + (ﬁ]n) = (. Prove that

det(A — I,,) = det A + (det(A + I,,))".

21. Let A, B € M,(C) be two matrices such that A> — B?> = 2(AB — BA). Prove
that (AB — BA)" = O,,.

22. Let A, B € M,(R) such that B*> = I,, and A*> = AB + I,,. Prove that

1 n
detAS( _1_2\/3) )




23. Let A € M,(C) be a matrix of rank 1. Prove that for any complex number A,

det(Al, + A) = \" + \" T r A.

24. Let A, X € M,(R) be matrices such that rank X = 1. Prove that

det(A 4+ X)det(A — X) < (det A)*.

25. Let n > 3 be an odd integer, and let A, B € M, (Z) be matrices such that
det A # 0 and rank B = 1. Prove that the following statements are equivalent:

(i) detA=trB e {-1,1};

(ii) det(A* 4+ BA™') —det(A* — A™'B) = 2, where A* is the adjugate matrix of A.

26. Let {ax}r, be a sequence of complex numbers, and let b and ¢ also be complex

numbers. For every positive integer k, define the k x k matrix A; by

ap b b -+ b

c a b --- b
AkZ: C Cc as

c ¢ ¢ - ag

1. When all a; = a for some complex number a and when b = ¢, establish the
following equation without using the formula in part 2 or the recursion in part
3: for k > 1, det(Az) = (a — b)**(a + kb — b).

d
2. When k > 2 and b = ¢, show that det(A;) =1 — b% (a; — b).

j=1
3. Show that for k > 2, det(Ag41) = (ax + agy1 — b — ¢) det(Ax) — (b — ax)(c —
ag) det(Ax_1).

27. Let A,B € M,(C) and P € C[X] such that A" = O,, and P(0) = 0. If
AB = BP(A), prove that det(A + B) = det(B).




28. Let T, = (t;;) be the n x n matrix with ¢; ; = tan ((i + j — 1)z), i.e.,

tanz tan 2z e tan nx
tan 2x tan 3x -+ tan(n+ 1)z
tannz tan(n+ 1)z --- tan(2n — 1)z

Prove that det(T},) = (—1)"/?) sec™(nx).

29. Let n be a positive integer and let A be the n x n matrix defined by A; ; =1 if

min(i, j) is odd, 2 if min(¢, j) is even, i.e.,

1111 -1
1 2 2 2 - 2
A=11 211 -1
1 21 2 - 2

Show that A~! exists and determine the number of zero entries in A™*.

30. Given two complex n x n positive-definite matrices A and B, let

1/2

C=L1A+B), D=AV(AT2BAT?) A

the matrices C' and D are the arithmetic mean and the geometric mean of A and B.
Prove that

(a) range(C' — D) = range(A — B).

(b) range ¢ D = range A B :
D C B A




31. Let a; € R and let b; € R. Define the n x n matrix

a1b1 a1b2 a1b3 tee albn
ale a2b2 (lgbg cee CLan
M = agbl a3b2 a3b3 000 agbn
apnby apby anbs -+ apb,

What is the maximum rank of M? When does it attain maximum rank?

32. An n x n matrix A with real entries is called interesting if
A?=2AT — T and tr(A)+tr(A4?%) =0.

a. Find all positive integers n such that an interesting matrix of size n X n exists.

b. Find the possible determinants of A for each positive integer n for which

interesting matrices of size n x n exist.

33. Let n > 3. Let A be the n x n matrix with A;;, = cos(27(j + k)/n). Find
det(I + A).

34. Let A and B be n x n matrices. Show that det(/ + AB) = det(I + BA).

35. Let A, B,C,D be n x n matrices such that AC = CA. Prove that

det <A B) = det(AD — CB).
C D

36. Let A be a square matrix with real entries. Show that det(A? + 1) > 0.

37. Let A, B,C be n xn real matrices that pairwise commute and ABC = O. Show
that det(A* + B* + C?)det(A+ B+ C) > 0.

38. Let A and B be two nxn real matrices that commute. Suppose that det(A+B) >
0. Prove that det(A* + B*) > 0 for all k > 1.

10




39. Let A be a real skew-symmetric square matrix (i.e., AT = —A). Prove that
det(I +tA?) > 0 for all real ¢.

40. Let A and B be real symmetric matrices with all eigenvalues strictly greater
than 1. Let A be a real eigenvalue of matrix AB. Prove that |A| > 1.

41. Let V be a 10-dimensional real vector space and U; and U, two linear subspaces
such that U; C U,, dimg U; = 3 and dimgr U; = 6. Let E be the set of all linear
maps T : V — V which have U; and U, as invariant subspaces (i.e. T'(U;) C U; and

T(Uy) C U,y). Calculate the dimension of E as a real vector space.

42. Determine all pairs (a,b) of real numbers for which there exists a unique

symmetric 2 X 2 matrix M with real entries satisfying trace(M) = a and det(M) = b.

43. For any integer n > 2 and two n X n matrices with real entries A, B that satisfy
the equation A™' + B™! = (A + B) ™, prove that det(A) = det(B). Does the same

conclusion follow for matrices with complex entries?

44.

(a) Show that for any m € N there exists a real m x m matrix A such that A*> = A+

where [ is the m X m identity matrix.

(b) Show that det(A) > 0 for every real m x m matrix satisfying A> = A+ I.

45. Let A be the n x n matrix, whose (i, j)-th entry is i + j for all 4,5 = 1,2,... n.
What is the rank of A?

46. Determine all complex numbers A for which there exist a positive integer n and

a real n x n matrix A such that A> = AT and X is an eigenvalue of A.

47. Let A be a real n x n matrix such that A = 0.

(a) Prove that there is a unique real n x n matrix X that satisfies the equation
X +AX + XA* = A

11




(b) Express X in terms of A.

48.

(a) Let A be an n x n, n > 2, symmetric invertible matrix with real positive

elements. Show that z, < n? — 2n, where z, is the number of zero elements in

AL

(b) How many zero elements are there in the inverse of the n x n matrix

1 11 - 1

1 2 2 . 2
A= ?

1 21 - 1

49. Let V be a real vector space, and let f, fi, fo,..., fr be linear maps from V to
R. Suppose that f(z) = 0 whenever fi(z) = fo(z) =--- = fi(x) = 0. Prove that f is

a linear combination of fi, fo,..., fx.

50. Let A be a 3 x 3 real matrix such that the vectors Au and u are orthogonal for

each column vector u € R3. Prove that:
(a) AT = —A, where AT denotes the transpose of A;

(b) there exists a vector v € R? such that Au = v x u for every u € R*, where v x u

denotes the vector product in R?.

51. Let aj = ap + jd for j =0,...,n where ag,d are fixed real numbers. Put
Qo aq Qo 0030 Ay,
A= a; Qo ay T Gp—1
Ap Ap—1 Gp—2 *°° Qg

Calculate det(A).

12




52. Compute the determinant of the n x n matrix A = [a;;]:

<_1)|i_j‘7 i 7£ .7
2, i=j.

aij =

53. Let A be a real 4 x 2 matrix and B be a real 2 x 4 matrix such that

1 0 -1 0
AB - o 1 0 -1
-1 0 1 0
0 -1 0 1

Find BA.

54. Let k be a positive integer. Find the smallest positive integer n for which there
exist k£ nonzero vectors vy, ..., v, in R" such that for every pair ¢, j of indices with

i — j| > 1 the vectors v; and v, are orthogonal.

55. Let A be a real n x n matrix and suppose that for every positive integer m
there exists a real symmetric matrix B such that 2021B = A™ + B2 Prove that
| det A| < 1.

56. Let n be a positive integer. Find all n x n real matrices A with only real

eigenvalues satisfying A + A* = AT for some integer k > n.

57. Let n > 2 be an integer. What is the minimal and maximal possible rank of an

n X n matrix whose n? entries are precisely the numbers 1,2, ..., n??

58. Let M be an invertible matrix of dimension 2n x 2n, represented in block form

A B ., (E F
M= ., M7= .
C D G H

Show that det M - det H = det A.

as
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59. Let A and B be n x n real matrices such that rank(AB — BA+ I) = 1. Prove
that

trace(ABAB) — trace(A’B?) = in(n — 1).

60. A four-digit number YEAR is called very good if the system

Ye+Ey+Az+ Rw=Y
Rx+Yy+ FEz+Aw=F
Ar+ Ry+Yz+ Fw=A
Ex+Ay+ Rz+Yw=R

of linear equations in the variables x, vy, z, w has at least two solutions. Find all very
good YEARs in the 21st century.

61. Let A = (ay)i;—; be a symmetric n x n matrix with real entries, and let

A1, Ag, ..., A, denote its eigenvalues. Show that
E Ai; Qg5 Z E )\Z>\j
1<i<j<n 1<i<j<n

and determine all matrices for which equality holds.

62. Let n be a fixed positive integer. Determine the smallest possible rank of an
n x n matrix that has zeros along the main diagonal and strictly positive real numbers

off the main diagonal.

63. Does there exist a real 3 x 3 matrix A such that tr(A) = 0 and A? + AT = I?

64. Let Ay, Ay, ..., Ay be n x n idempotent complex matrices such that A;4; =
—AjA; for all i # j. Prove that at least one of the given matrices has rank < n/k.

14




65. Determine all rational numbers a for which the matrix

a —a —1 0

a —a 0 -1
1 0 a —a
0 a —a

is the square of a matrix with all rational entries.

66. Define the sequence A;, A,, ... of matrices by the following recurrence:

O 1 An [2"
A = Y -1,2....
! (1 0) - (12n An> (n )

where [, is the m x m identity matrix. Prove that A, has n + 1 distinct integer

eigenvalues \g < A\; < --- < A\, with multiplicities (g), (T) ey (n)’ respectively.
n

67. Let A, B € M,(C) be two n x n matrices such that
A?B + BA? = 2ABA.

Prove that there exists a positive integer & such that (AB — BA)* = 0.

68. Let n be a positive integer, and consider the matrix A = (a;j)1<i j<n, Where

1 if ¢ + 5 is a prime number
CLZ'j =
0 otherwise.

Prove that |det A| = k? for some integer k.

69. Let n > 1 be an odd positive integer and A = (a;;); j=1..n be the n X n matrix
with
2 ifi=j
aj =41 ifi—j=+2 (modn)

0 otherwise.

Find det(A).

15




70. Let A be an n X n-matrix with integer entries and by, . .., by be integers satisfying
det A = by - - - by. Prove that there exist n x n matrices By, ..., By with integer entries
such that A= B;---B, and det B; =b; foralli=1,... k.

71. Let vy be the zero vector in R" and let vy, vs,...,v,11 € R" be such that the
Euclidean norm |v; — v;| is rational for every 0 <4, j < n+ 1. Prove that v1,...,v,11

are linearly dependent over the rationals.

72. In the linear space of all real n xn matrices, find the maximum possible dimension
of a linear subspace V such that VX,Y € V| trace(XY) = 0.

73. For n > 1 let M be an n X n complex matrix with distinct eigenvalues
A1, Ag, ..., A with multiplicities mq,ma, ..., m; respectively. Consider the linear
operator Ly, defined by Ly (X) = MX + XM?", for any complex n x n matrix X.

Find its eigenvalues and their multiplicities.

74. Let A be an n x n real matrix such that 342 = A2 + A + I. Show that the

sequence A* converges to an idempotent matrix.

75. Let A, B be square complex matrices of the same size such that rank(AB—BA) =
1. Show that (AB — BA)? = 0.

76. Let o € R\ {0} and suppose that ' and G are linear maps (operators) from
R" into R" satisfying FF'o G — G o F = oF.

(a) Show that for all k € N one has F* o G — G o F* = akF".

(b) Show that there exists & > 1 such that F* = 0.

77. Let A be n x n diagonal matrix with characteristic polynomial
(z—c))M(z — )2 (x — cg)%

where ¢, co, ..., ¢ are distinct. Let V' be the space of all n X n matrices B such that
AB = BA. Prove that the dimension of V is d? + d2 + - - - + d3.
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78. Let n be a positive integer. At most how many distinct unit vectors can be

selected in R™ such that from any three of them, at least two are orthogonal?

79. Let A be a symmetric m X m matrix over the two-element field all of whose
diagonal entries are zero. Prove that for every positive integer n each column of the

matrix A" has a zero entry.

80. Let A and B be real n x n matrices. Assume that there exist n + 1 different
real numbers tq, s, ..., t,+1 such that the matrices C; = A+¢;B,i=1,2,...,n+1
are nilpotent (i.e. C]' = 0). Show that both A and B are nilpotent.

81. The linear operator A on the vector space V is called an involution if A> = F

where E is the identity operator on V. Let dimV =n < oo.

(i) Prove that for every involution A on V there exists a basis of V' consisting of

eigenvectors of A.

(ii) Find the maximal number of distinct pairwise commuting involutions on V.

82. Determine all positive integers n for which there exist n x n real invertible
matrices A and B that satisfy AB — BA = B*A.

83.

(a) Let f : M, — R be a linear map from the space M, = R™ of real n X n

matrices to the reals. Prove that there exists a unique matrix C' € M,, such
that f(A) = tr(AC) for any A € M,,.

(b) Suppose in addition to (a) that f(AB) = f(BA) for any A, B € M,. Prove
that there exists A € R such that f(A) = X - tr(A).

84. An n x n complex matrix A is called t-normal if AAT = AT A where AT is the
transpose of A. For each n, determine the maximum dimension of a linear space of

complex n X n matrices consisting of t-normal matrices.

17




85. Let A be an n X n complex matrix whose eigenvalues have absolute value at

most 1. Prove that ||A"|| < n™2||A||""!. (Here ||B|| = sup ||Bz]|| for every n x n
[l=f|<1

n

E |z;|? for every complex vector z € C".)

=1

matrix B and ||z|| =

86. Let A be an n x n matrix with complex entries and suppose that n > 1. Prove
that
AA=1, <= 35 € GL,(C) such that A = S~'S.

87. Determine whether there exist an odd positive integer n and n x n matrices A

and B with integer entries, that satisfy the following conditions:
(a) det(B) =1
(b) AB= BA

(c) A*+4A*B* +16B* = 20191

88. For each positive integer k, find the smallest number ny for which there exist

real n, X n; matrices Ay, A, ..., A; such that all of the following conditions hold:
(1) Al=43=-=4;=0,
(2) AZA] = A]Al for all 1 S Z,j S k, and

(3) A1As--- Ay # 0.

0]

1
89. For an m x m real matrix A, e? is defined as —'A”. (The sum is convergent
n!

n=0
for all matrices.) Prove or disprove that for all real polynomials p and m x m real

matrices A and B, p(e” B) is nilpotent if and only if p(e®A) is nilpotent.
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90. For n > 0 define matrices A,, and B, as follows: Ag = By = (1) and for every

n >0,
An _ An—l An—l 7 Bn _ An—l An—l .
An—l Bn—l An—l 0

Denote the sum of all elements of a matrix M by S(M). Prove that S(A*™!) = S(A7)
for every n, k > 1.

91. Let A;, B;, S; (1 =1,2,3) be invertible real 2 x 2 matrices such that:
(1) not all A; have a common real eigenvector;

(2) A;=S7'B;S; for alli =1,2,3;

10
(3) A1A2A3 = BlBng S (O 1) .

Prove that there is an invertible real 2 x 2 matrix S such that A; = S™'B;S for all
1=1,2,3.

92. Let A™*" and B™*" be two matrices which differ only by one row/column. Show
that det(A + B) = 2" *{det(A) + det(B)}.

93. Let A = (a;;) and B = (b;;) be two square matrices of the same dimension.
(a) Let a;; = p"™!; show that det(A) = (1 — p*)"~L.

(b) Suppose now b;; = p'7a;;. Find det(B) in terms of p.

94. Consider the matrix

1 2 0
1 =
B”""xz)=|0 = 1 --- 0|, zeR,
0 0 0 1

find det(B"*"(x)) for any z € R. What if z = 17
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95. Prove that

1+a; Qo e an, n
aq 1+ay --- an 2 :
: : . : —
al a2 e 1 _|_ an
n
96. Let g(x) = H(uz — z) and let
=1
w a a - a
b us a --- a
A,=|b b ug -+ aj.
oo a
b b b Un,
b —ag(b
(a) Show that if a # b then A, = %Zg().
n
(b) Also show that if a = b then A,, = a E gi(a) + ungn(a) where g;(a) = 9(a)
U; — a
1=1
fori=1,...,n.
(c) Use (b) to evaluate det ((a — b)I, + b1,1}).
97. Show that if a # b then
a+b ab 0 0 0
1 a+b ab 0 0
0 1 a+b ab 0 qntl — pntl
0 0 1 a+b 0| a-b '
0 0 0 e 1 a+bd

what if @ = b?
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98. Let p < n be any two positive integers. Prove that det(4,, ,) = 1 where A,,, is

1
ne )forlﬁi,jﬁp—kl.

the matrix with (7, j)-th entry 6;;" = ( )
j p—

99. Prove that the determinant of a circulant matrix is of the following form:

€1 C C3 -+ Cp n n
Ch, C1 Co -+ Cp—1 .
_ n—1 k(j—1)
S .| =(=1) ¢ ¢j
k=1 =1
Cy C3 Cq4 --- C1
2mi/n

where ( =€

100. Given distinct integers 1, xo, ..., x,, prove that I | (x; — x;) is divisible by

1>
n—1

Hk!.

101. Let f;;(¢) be a differentiable function of ¢. Then show that

p f11‘(t) 200 i

o] &
e 2D s
fur(®) - fa(®)] 5=

where Fj(t) is the matrix with the j-th row differentiated.

S
3

102. If A is an n x n matrix over C then show that |det(A)| < E la;|
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1
$i+yj

103. Show that the determinant of the Cauchy matrix A = (a;;) where a;; =

is of the following form:

H(Iz' — ) (yi — vj)

1>]

H(Jii + y;)

]

det(A) =

104. (The Binet-Cauchy Formula) Let A and B be matrices of size n x m and

m X n where n < m. Then show that

det(AB) = E ARhzskn By on

1<ki<ko<--<kn,<m

where A* %7 ig the minor obtained from A using columns ki, ..., k, and By, ., is

the minor obtained from B using rows ki, ..., k,.

105. Let M be an n x n matrix such that M + M = O,,. Prove that for all € € R,
det (I, + eM?) > 0.

n
106. Let S; = E b;j. Prove that

j=1
Sl_bll Sl_bln

: " b | = (=) (n— 1) det(B)
Sn_bnl Sn_bnn

where B = (b;;)7

2,j=1"

107. Prove that

Ty cec @ W
= — E biCinj
Ap1 - Qpp bn .
2y}
C1 . e Cp, O

22




where A;; is the cofactor of a;; in A.

108. Let u and v be columns of length n. Prove that adj(I —uv”) = uv’ + (1 —v u)I.

109. Let A, B,C, D be n x n matrices such that ABC'D = I. Show that ABCD =
DABC =CDAB =BCDA=1.

110. Find the inverse of the matrix A = (ay;);,;—; where a;; = min(s, j) for i,j =

1,...,n.

A B
111. Let A, B,C,D € M,x,(R) and the matrix (C D) has rank n. Show that

det(A) det(B)

det(C) det(D)

also if A is invertible, then D = CA™'B.

112. Let A and B be n x n complex matrices. Show that

A

i' = det(A + B)det(A — B).

Let E=A+Band F=A — B. If F and F are invertible then

—1
A B\ 1(E'4+F' ET-F!
B A] 2\gl_fpt! gplip1t)’

113. Let A € M,(R) be a skew-symmetric matrix. Show that det(A) > 0.

114. Show that if A, B € M,(R) such that AB = BA then det(A® + B*) > 0.

115. Let A, B € My(R) such that AB = BA and det(A? + B*) = 0. Prove that
det(A) = det(B).
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116. Let A € My(R) such that det(A) = —1. Show that det(A* + I;) > 4. When
does the equality hold?

117. Let A, B € M;(C) such that det(A) = det(B) = 1. Show that det(A++v/2 B) #
0.

118. Let A, B € M(R). Show that det ((AB + BA)* + (AB — BA)*) > 0.

119.

(a) Let A be a matrix from Ms(C), A # al; for any a € C. Prove that the matrix
X from M;(C) commutes with A, that is, AX = XA, if and only if there exist

two complex numbers a, o’ such that X = oA + o/ I,.

(b) Let A, B and C' be matrices from My(C), such that AB # BA, AC = C'A and
BC = CB. Prove that C commutes with all matrices from M(C).

120. Let A, B,C € M;3(R) such that det(A) = det(B) = det(C') and det(A +iB) =
det(C 4+ iA). Prove that det(A + B) = det(C + A).

121. Let A € M,(R). If ATA = I,,, prove that: a) | Tr(A4)| < n; b) If n is odd, then
det(A%* —I1,) = 0.

122. Consider the matrices A, B € M3(C) with A = —A” and B = B”. Prove that
if the polynomial function defined by f(z) = det(A + xB) has a multiple root, then
det(A + B) = det B.

123. Let A, B € M5(C) be two non-zero matrices such that AB + BA = Oy and
det(A + B) = 0. Prove that A and B have null traces.

124. Let A, B be 2 x 2 matrices with real elements such that AB = A*B? — (AB)?
and det(B) = 2.

(a) Prove that the matrix A is not invertible.
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(b) Calculate det(A + 2B) — det(B + 2A).

125.

2 3
(a) Give an example of matrices A and B from My(R) such that A%+ B* = (3 2) :

2 3
(b) Let A and B be matrices from My(R) such that A% + B* = (3 2) . Show that
AB # BA.

126. Show that the function f : My(C) — My(C), f(X) = X", is not injective nor

surjective for all n > 2.

127. Let A, B € My(R). Prove that det(A? + B?) > det(AB — BA).

128. Let A, B € M(R) such that det(AB + BA) < 0. Show that det(A? 4+ B?) > 0.

129. Let A € M3(R) such that r(A) = tr(4?) = 0. Show that det(A? + I3) =
(det(A))* + 1.

130. Let A € M;(C) such that tr(A) = tr(A?) = 0. Show that if | det(A)| < 1 then
the matrix I3 + A" is invertible for all n > 1.

131. Let A, B € My(R) be two matrices with positive entries. Show that (AB)* =
(BA)? if and only if AB = BA.

132. Let A € M5(R) such that det(A) > 0. Show that

1
2n—2

det(A" + I) + det(A™ — L) > (det(A) +1)".

133. Let A € My(R) be a matrix such that A # adj(A4) and A® = (adj(A))*. Show
that det(A) = tr’(A).
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134. Find all polynomials P with real coefficients with the following property: for
any two matrices A, B € My(R) with A # B we have P(A) # P(B).

135. Let A, B € My(Z) with AB = BA such that det(A) = det(B) = 0. Show that
det(A® + B?) is the cube of an integer.

136. Let n > 3 be a positive integer. Determine X € Ms(R) such that

xrpxr= T
-1 1

137. Let A € Ms(R) such that tr(A) > 2. Show that A" # I for all n > 1.

138.
(a) Let A € M3(C) such that A> = Os. Show that tr(A4) = 0.

(b) Let A € Ms3(C) such that tr(A) = tr(A?) = 0. Show that det(A) = 0.

139. Show that the equation X" = I, has at least n solutions in Ms(R) with n > 1.

140. Find all matrices A € M(Z) such that det(A* + L) = 1.

141. Let A, B € M(Z) such that AB = BA and det(B) = 1. Show that if
det(A® + B?) = 1, then A% = O,.

142. Let A, B € My(R) with AB = BA. If there exists a positive integer n such
that det(A®” + B*") = 0 then the matrices A and B are simultaneously invertible or

non-invertible.

143. Let A, B € My(R) such that A’ + B* = 2AB. Prove that AB = BA and
tr(A) = tr(B).
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144. Show that if A, B,C € M3(C) verify A* = B*> = C® = O3 and they commute
pairwise, then ABC = Os.

145. Let A, B € M3(C). Show that det(AB — BA) = tr (AB(BA — AB)BA).

146. Let A, B € M,(R), A # B, such that A*> = B> and A’B = AB?. Is it possible
that the matrix A% + B? is invertible?

147. Let A, B € M,(R) such that (AB)* = O,. Is it true that (BA)*> = O,,?

148. Let A, B € M,(R) such that AA” = I, and BB' = I,,, with n odd. Show
that at least one of the matrices A + B and A — B is singular.

149. Let A, B € M, (R) with B*> = O,,. Show that det(AB + BA + I,,) > 0.

150.

(a) Find two matrices A, B € My(C) such that A% + B*> = I, and AB — BA is

nonsingular.

(b) Let n be odd and A, B € M,,(C) such that A® + B* = I,,. Show that det(AB —
BA) > 0.

151. Let A, B,C € M,(R) be matrices that commute pairwise such that det(A) = 0.
Show that det(A4% + B* + C?) > 0.

152. Show that if A € M5(Q) such that A% = I3, then A* = I5.

153. Let A € M,(R) such that |tr(A)| > n. Show that A" # AP for all k,p € N,
k # p.

154. Let A be an n x n matrix with real entries. Show that tr(A*) = 0 for all
k=0,1,...,nif and only if A" = QO,,.
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155.
(a) Are there matrices A, B € M3(C) such that (AB — BA)? = I3?

(b) Are there matrices A, B € M3(C) such that (AB — BA)"¥ = [;?

156. Let A and B be two matrices from M;(C) such that (AB)? = A?B?* and
(BA)? = B2A?. Prove that (AB — BA)® = Os.

157. Let A, B be two matrices from Ms(C) such that A*> = AB + BA. Prove that
the matrix AB — BA is singular.

158. Let A, B € Mi(R) with AB = BA. Show that det(A 4+ B) > 0 if and only if
det(A" + B") > 0 for all n > 1.

159. Let r,s be odd prime numbers and A, B € M,(C) such that AB = BA,
A" =1, and B® = I,,. Show that the matrix A + B is invertible.

k

160. Let n,k > 1 and Ay, Ao, ..., Ay € M,(R). Show that det E A;TFAi > 0.
g=ll

161. Let A, B,C,D € M, (C) where A and C' are invertible. If A*B = C*D for all
k > 1 then show that B = D.

162. Let Ag, Aq,..., A, € My(R), n > 2, be n+ 1 matrices such that Ay # a - Ay
for any real a and AgAr = AyAp for all £ =1,2,...,n. Show that

n
(a) det E A2 | >0;
k=1

n n
(b) If det E A2 | =0and A, # a- A, for any real number a, then E A2 = O,.
k=1 k=1
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163. Let A € My(C) and C(A) = {B € My(C) : AB = BA}. Show that |det(A +
B)| > |det(B)| for any B € C(A) if and only if A% = O,.

164. Let M ={A € My(C) : det(A — zI5) =0 = |z| < 1}. Show that if A,B € M
and AB = BA, then AB € M.

165. Let A € M,(Z). Show that det(A* + I,,) # 13.

166. Let A, B € M,,(C). Show that if the equation AX + XB = C, with X,C €
M,,(C), has a solution for all C' € M,,(C), then det(A) # 0 or det(B) # 0.

167. Let A€ M,(Z), m > 1, such that ged(m,det(A)) = 1. Show that the matrix
A%+ A+ m - I, is nonsingular.

168. Let A € My(Z) different from the null matrix. Show that the following
assertions are equivalent: (i) 4det(A) = (tr(A4))? and A # k- I, for k € Z; (ii) for any
matrix B € My(Z) which commutes with A, det(A? + B?) is the square of an integer.

169. Consider the matrices A, B € M, (C) and the polynomial f € C[X], f(X) =
det(A+ X - B). Show that the degree of the polynomial f is less than or equal to the

rank of the matrix B.

170.

(a) Let A be a square matrix of size 3, with real entries. Show that if f is a

polynomial with real coefficients, but with no real roots, then f(A) # Os.

(b) Show that there exists a positive integer n such that (A — adj(A))** + A% +
(adj(A))*" = Os if and only if det(A) = 0.

171.

(a) Show that any matrix A € M,(C) can be written as the sum of four matrices
B; € My(C), i =1,2,3,4, of rank 1.

(b) Show that I, cannot be written as the sum of four matrices of rank 1.
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172. Let A, B € M,(C) such that there exists k > 1 with B¥ = O,,. Show that if
AB = BA, then det(A + B) = det(A).

173. Let A, B be two n X n matrices with complex entries, and p, ¢ fixed positive
integers such that AB = BA and A” = BY = O,,. Show that the matrix A+ B + I,

is invertible.

174. Let m,n > 2 be integers. The matrices Ay, Ay, ..., A, € M,(R) are not all
nilpotent. Prove that there is an integer k& > 0 such that AY + A¥ +... + AF £ O,

175. Let A, B be 3 x 3 matrices with real entries such that AB = Os.

(a) Prove that f: C — C, f(x) = det(A* + B? + 2 - BA) is a polynomial function

of degree not greater than 2.

(b) Prove that det(A4? + B?) > 0.

176. Consider a positive integer n and A, B two matrices in M,(C) such that
A? + B* = 2AB. Prove that:

(a) The additive commutator AB — BA is not invertible;

(b) If the matrix A — B has rank 1, then matrices A and B commute.

177. Let A be an invertible matrix in My(R) such that tr(A) = tr(adj(A)) # 0.
Prove that the matrix A% + I, is singular if and only if there exists a nonzero matrix
B in My(R), so that AB = —BA.

178. Consider two nonnegative integers n and k such that n > 2 and 1 <k <n—1.
Suppose that a matrix A € M, (C) has exactly k& minors of order n — 1 which are null.
Prove that det(A) # 0.

179. Let A be a non-invertible square matrix of size n, n > 2, with real entries, and
let adj(A) be the adjugate of A. Prove that tr(adj(A)) # —1 if and only if the matrix
I, + adj(A) is invertible.
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180. Comnsider 1 < a; < a9 < a3z < a4 and 1 < z9 < T3 < 24 be real numbers and
M = (a;”)1<; <4 be a square matrix of size 4. Show that det(M) > 0.

(2

181. Let S(X) be the sum of all the entries of the matrix X € M, (R). Show that
for any matrices Ay, As, ..., Ay € M,(R) we have the following inequality:

SP(A147) - S*(A243) -+ - S*(ArAT) < S*(A1AT) - S*(A243) -+ - S*(ArAy).-

182. Let n >k and let Ay, As, ..., A be real n X n matrices of rank n — 1. Prove

that A1 Ay - Ap # (has rank strictly less than n; state and prove the appropriate
rank bound).

183. Two matrices A, B of the same size having real entries satisfy 4209 = B2903 —

I, and AB = BA. Show that A + B + I, is invertible.

184. Let A be an n X n matrix of real numbers for some n > 1. For each positive
integer k, let A™ be the matrix obtained by raising each entry to the k-th power.
Show that if A* = A¥ for k =1,2,...,n+ 1, then A*¥ = A¥ for all & > 1.

185. Let A and B be 2 x 2 matrices with integer entries such that A, A+ B, A +
2B, A+ 3B, and A+ 4B are all invertible matrices whose inverses have integer entries.

Show that A + 5B is invertible and that its inverse has integer entries.

186. Let A, B,C € M,(R) such that ABC = O, and rank(B) = 1. Prove that
AB =0, or BC =0,

187. Let A, B € M,(C) such that AB = BA and det(B) # 0.
(a) If |det(A+ 2B)| =1 for any z € C such that |z| =1 then A" = O,.

(b) Is the statement from (a) still true if AB # BA?

188. Let A be an n x n matrix with complex elements. Prove that A™' = A if

and only if there exists an invertible matrix B with complex elements such that
A=B'B.
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189. Let A = (a;j)1<ij<n be areal n x n matrix, such that a;; + a;; = 0 for all 4, j.

Prove that for all non-negative real numbers x,y we have

det(A + z1I,) - det(A + yI,,) > det(A + /zy I,)*.

190. Let A, B € My(R) that satisfy A* + B?> = AB. Prove that (AB — BA)? = O,.

191. Letne N, n>2.

(a) Give an example of two matrices A,B € M,(C) such that rank(AB) —
rank(BA) = [n/2].

(b) Prove that for all matrices X,Y € M, (C) we have rank(XY) — rank(Y X) <
[n/2].

192.
(a) Find a matrix A € M3(C) such that A? # O3 and A® = Os.

(b) Let n,p € {2,3}. Prove that if there is a bijective function f : M, (C) — M,(C)
such that f(XY) = f(X)f(Y) for all X,Y € M, (C), then n = p.

193.

(a) Let A,B € M;3(R) such that rank(A) > rank(B). Prove that rank(A?) >
rank(B?).

(b) Find the non-constant polynomials f € R[X] such that for all A, B € M,(R)
with rank(A) > rank(B), we have rank(f(A)) > rank(f(B)).

194. Let p > 2 be an integer and A an n x n matrix with real elements such that
AP = A,

(a) Prove that rank(A) 4 rank(/, — A?) = n.

(b) Prove that if p is prime then rank(l,, — A) = rank(l,, — A?) = - -- = rank(I,, —
APT1),
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195. Let A, B € M,(R). Prove that rank(A) + rank(B) < n if and only if there
exists an invertible matrix X € M, (R) such that AXB = O,,.

196. Let S1,S5,,...,S9 1 be the nonempty subsets of {1,2,...,n} in some order,
and let M be the (2" — 1) x (2" — 1) matrix whose (7, j) entry is

0 ifSNS;= 0
mij =
1 otherwise.

Determine det(M).

197. Let n be a positive integer. Suppose that A, B, M are n X n matrices with real
entries such that AM = M B and such that A and B have the same characteristic
polynomial. Prove that det(A — M X) = det(B — X M) for every n x n matrix X

with real entries.

b
198. Let S be the set of all 2 x 2 matrices M = ¢ ; whose entries a, b, ¢, d (in
c

that order) form an arithmetic progression. Find all matrices M in S for which there

is some integer k > 1 such that M" is also in S.

199. Let A be the n x n matrix whose entry in the i-th row and j-th column is
for 1 <i,j <n. Compute det(A).

min (i, j)

200. Let A be an m x n matrix with rational entries. Suppose that there are at
least m + n distinct prime numbers among the absolute values of the entries of A.
Show that the rank of A is at least 2.

201. Let d, be the determinant of the n x n matrix whose entries, from left to right

and then from top to bottom, are cos1,cos2,...,cosn?. (For example,

cosl cos2 cos3
d3 = |cos4 cosb cos6|,

cos7 cos8 cos9
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where the argument of cos is always in radians, not degrees.) Evaluate lim d,,.
n—o0

202. Let Z denote the set of points in R" whose coordinates are 0 or 1. (Thus Z
has 2" elements, which are vertices of a hypercube in R".) Given a vector subspace
V of R", let Z(V') denote the number of members of Z that lie in V. Let k be given,
0 < k < n. Find the maximum, over all vector subspaces V' C R" of dimension k, of

the number of points in V N Z.

203. Let H be an n x n matrix all of whose entries are =1 and whose rows are
mutually orthogonal. Suppose H has an a x b submatrix whose entries are all 1. Show
that ab < n.

204. Define a sequence {u, }o>, by ug = u; = uy = 1, and thereafter by the condition

that
U U
det " A Y
Un+2 Up+3

for all n > 0. Show that w, is an integer for all n. (By convention, 0! = 1.)

205. For an integer n > 3 let § = 27 /n. Evaluate the determinant of the n xn matrix
I+ A, where [ is the n x n identity matrix and A = (a;),) has entries a;; = cos(j6+k0)
for all j, k.

206. For any square matrix A, we can define sin A by the usual power series
o0

—1)"
E ((—)AQ"H. Prove or disprove: there exists a 2 X 2 matrix A with real entries

2n +1)!
1 1996
sin A = .

n=0

such that
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207. Let D,, denote the value of the (n — 1) x (n — 1) determinant

—_ = =
—_ = =
—_ =

Is the set {D,/n!:n > 2} bounded?

208. Let M be a set of real n x n matrices such that (i) I € M, where I is the n x n
identity matrix; (ii) if A € M and B € M then either AB € M or —AB € M but
not both; (iii) if A € M and B € M then either AB = BA or AB = —BA; (iv) if
A € M and A # I then there is at least one B € M such that AB = —BA. Prove

that M contains at most n? matrices.

209. Let A and B be different n x n matrices with real entries. If A*> = B3 and
A?B = B?*A, can A? + B? be invertible?

210. If A and B are square matrices of the same size such that ABAB = O, does it
follow that BABA = O7

211. A transversal of an n X n matrix A consists of n entries of A, no two in the
same row or column. Let f(n) be the number of n x n matrices A satisfying the
following two conditions: (a) each entry a;; of A is in the set {—1,0,1}; (b) the sum
of the n entries of a transversal is the same for all transversals of A. An example of

such a matrix A is

-1 0 -1
A=10 1 0
0 1 0

Determine with proof a formula for f(n) of the form f(n) = a;b} + axby + agby + aq

where the q; and b; are rational numbers.
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212. Let G be a finite set of real n x n matrices {M;}, 1 < i < r, which form a group
T

under matrix multiplication. Suppose that E tr(M;) = 0 where tr(A) denotes the

1=1
7

trace of the matrix A. Prove that E M; is the n x n zero matrix.

=1

213. Let k € N*, uy,uo,...,u, € C*, 21, 29,..., 2, € C* be distinct, and let
anp = U127 + U2y + -+ +ukz;, n €N

Show that if the set {a,, | n € N} is finite, then there exists d € N* such that a,, = @14
for every n € N.

214. Let A € M, (R) with det A # 0, and let f4 : M, (R) — R,

n
fA(X) = E bijvxij, where B = AAt

ij=1
Show that:
(a) fA(XXt) =0=X =0,

(b) [fa(XY)]? < fa(XX") fa(Y'Y), for all X,Y € My (R).

215. Consider the function f : M, 1(R) — [0, c0),

)= ol
k=1

for every X € M,,1(R). Show that there is only a finite number of matrices A € M, (R)
with the property f(AX) = f(X) for every X € M, 1(R).
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216. Consider the matrix

1 1 1
1 2 3 n
1 1 1 1
2 3 4 n+1
An — )
B i 1
n n+l n+42 2n—1

where n is a nonzero natural number.
1) Show that det A,, is nonzero.

2) Show that the sum of the entries of the inverse matrix A" equals n®.

2 2
217. Let A, B € M,(C) and ¢ = cos “T 4 isin =~ Show that
n n

det(A+ B) +det(A+¢eB) + -+ +det(A +&" ' B) = n[det A + det B].

218. Show that for every matrix A € M, (C) there exist infinitely many natural

numbers k such that the matrix A* + I, is invertible.

219. Let A, B € M, (C) have the property
|det(A+ zB)| <1 for every z € C with |z| = 1.

Show that:
(a) |det A+ zdet B| <1 for every z € C with |z| = 1.

(b) If A, B € M,(R), then (det A)? + (det B)* < 1.

220. Let A € M,(R) be a matrix with positive entries satisfying

n

E aikzl, z:l,_n

k=1

Show that A cannot have eigenvalues of modulus greater than 1.
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221. Let the matrices A, B,C € M, (C) be such that C' commutes with A or with
B. Show that
det(AB + C) = det(BA+ C).

222. Let A € M, (Q) be such that det(A — I,,) = 0 and AP = I,,, where p is a prime
number. Show that p — 1 | n.

223. Let S(X) denote the sum of all entries of the matrix X. Show that if A € M,,(C)

and
(a) S(A) = S(A?) =--- = S(A™) = n, then S(A*) = n for every k € N*.
(b) S(A) = n? S(A%) =n3 ..., S(A") = n"™, then S(A*) = n*™! for every

k € N*.

224. Show that if there exists an invertible matrix A € M, (Q) such that

Al = A%+ A,
then n is divisible by 3.
o0
1
225. Let E a,*" be the series expansion of the function f(z) = E—— The
n=0 1
numbers e,, = man are called the Fuler numbers. Show that e, = (2n)! D,,, where
n)!
x 1 0 0 0
2!
1 1
Al o 1 0 0
1 1 1
1 1 1 1 1
2n)! 2n—-2)! (2n—4)! (2n—6)! 2!
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226. Let n > 2, n € N. Determine all polynomials f € C[X] with the property
(a) f(TrA) = Tr(f(A)) for every A € M, (C);

(b) det(f(A)) = f(det A) for every A € M, (C).

227. Determine the number of (m,n)-type matrices with entries a,; € {£1} for

which the product of the entries of each row and of each column equals —1.

228. Let A € M3(C) with det A =1, Tr A= Tr A~" = 0. Show that A* = I3.

229. Let A, B € M,(C) be such that AB + A+ B = 0. Show that AB = BA.

230. Let A, B € M,(R) be such that A*> + B* = AB and the matrix AB — BA is
invertible. Show that n is divisible by 3.

231. Let A, B,C € M,(C) with A invertible and (A — B)C' = BA™'. Show that
C(A-B)=A"'B.

232. Let Ay, Ay, ..., Ay € M, (R) be such that
ALAL + AQAL + -+ ALAL = 0.

ShowthatA1:A2:~~:An=O.

233. Let A, B,C, D € M(C) and denote [A, B] = AB— BA. Show that there exists
A € C such that

234. Let A € M;35(C), B € M,3(C) be such that

AB =
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Show that BA = 91,.

235. Let A € M,(R), A # 0, be such that a;xaj, = agra;; for all i, j, k = 1,n. Show
that:

(a) Tr A #0.
(b) A" = A.

(¢) fa(z) =21z —TrA).

236. Let A, B € M,(R) be such that Tr(AA" + BB") = Tr(AB + A'B"). Show that
A=DB.

237. Let A, B € M,(C). Show that

Tr(AB) < % Tr(AA* + BB").

238. Let A € M,(C) be a nonsingular matrix with columns A;, Ao, ..., A,, and let
B € M,(C) have columns Ay, As, ..., A,,0. Show that the matrices C = BA™" and

D = A7'B both have rank n — 1 and all of their eigenvalues equal to zero.

239. Let A\, Ao,..., A\, and a, b be real parameters. Consider the polynomial

M+ at+z - a+tx

b+xz X+zx - a+tzw
p(z) = det . . :

b+xz b+xz - At

(a) Prove that p(z) is a polynomial of degree at most 1 with respect to z.

(b) Calculate the determinant of order n when x = 0.

240. For a matrix A € M, (R) and two column vectors u,v € R", consider the
polynomial p(x) = det(A + z - uv”). Prove that p(z) is a polynomial of degree < 1
and find the coefficient of z.
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241. Let A, B € M,(R). Prove that if rank(B) = k, then the polynomial p(z) =
det(A + xB) has a degree not exceeding k.

242. Let A be a real matrix of order n. Given that the sum of all elements in each row
equals A. Let J be the matrix of all ones. Calculate the determinant det(A —¢tI + J)
in terms of the characteristic polynomial of A, denoted as P4(t) = det(A — tI).

243. Let row matrices A, B,C' € Mx,(R).

(a) Prove that if Bx =0 = Az = 0 for all x € R", then there exists a real number
r such that A =rB.

(b) Prove that if (Bx =0 and Cz = 0) = Ax = 0 for all z € R", then there exist
real numbers 7, ¢ such that A =rB + tC.

244. Let f, 91,92, ...,9r be linear functionals on a vector space V. Prove that
k

ﬂker(g,-) C ker(f) if and only if f € span{g1, go,...,gx}-
=1

245. Let A € M;xn(R) and B € M,x,(R). Prove that ker(A) C ker(B) if and only
if there exists a matrix P € M,x,,(R) such that B = P - A.

246. Let f : M,(R) — R be a linear functional. Suppose f(AB) = f(BA) for
all matrices A, B € M,(R). Prove that there exists a real number ¢ such that
f(X) =c-tr(X) for all X € M,(R).

247. Let A € M, (R) such that for all vectors = = (z1,...,x,) € R", the two vectors
rA and z are always linearly dependent in R". Prove that there exists a real number
a such that A = al,.

248. Let A € M,(R) (with n > 3). Suppose that for every vector z € R", the set of
three vectors {z, Az, A>z} is always linearly dependent. Prove that the set {1, A, A*}

is linearly dependent in the matrix space.

41




249. Let A, B € M, (R) be matrices such that rank(A) > 2. Suppose that for every
vector x € R", the vectors Ax and Bx are always linearly dependent. Prove that

there exists a real constant k£ such that B = kKA.

250. Let A be a real skew-symmetric matrix of order n.
(a) If n is odd, prove that A is not invertible.
(b) Let M = I,, + A. Prove that M is always invertible.
(c¢) Prove that det(/ + A) > 1 for all real skew-symmetric matrices A.

(d) Prove that the matrix Q = (I — A)(I + A)~" always has a determinant of 1 and

is an orthogonal matrix.

251. Letay,...,a,andby,...,0b, be pairwise distinct real numbers such that a;+b; #

1
0. Prove that the matrix C' with elements ¢;; = o is invertible.
a; j

252. Let A satisfy A* = 0 for some positive integer k (nilpotent matrix). Prove
that I — A is always invertible.

253. Let A be a square matrix of order n satisfying: every main diagonal element
a;; is even, and every off-diagonal element a;; (i # j) is odd. Prove that if n is even,

A is invertible over R.

A

254. Let M = o D be a block matrix where A and D are square matrices.

Assume A is invertible. Prove that M is invertible if and only if the Schur complement
S =D — CA™'B is invertible.

255. Let A be an n x n matrix with elements a;; = ged(i,j). Prove that A is

invertible.

256. Let 21 < 29 < --- < z,, be distinct real numbers. Consider matrix A with

a;; = |zr; — x;|. Prove that for n > 1, A is always invertible.
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257. Let C be a circulant matrix with first row (cg, ¢1, ..., ¢,—1). Prove C is invertible

if and only if f(w*) #0forall k =0,...,n—1, where f(z) = co+c12+- - +cp12™

and w = e2™/™,

258. Let A and B be two real symmetric positive definite matrices. Prove that their
Hadamard product C'= A o B (where ¢;; = a;;b;;) is also positive definite and thus

invertible.

259. (Sylvester’s Rank Inequality) For an m x n matrix A and an n X p matrix B,

prove that

rank(A) + rank(B) — n < rank(AB) < min(rank(A), rank(B)).

260. (Frobenius Rank Inequality) For matrices A, B, C such that the product ABC

exists, prove that

rank(AB) + rank(BC) < rank(B) + rank(ABC).

261. Let P be a square matrix satisfying P? = P (a projection matrix).
(a) Prove that rank(P) + rank(/ — P) = n.

(b) Prove that rank(P) = tr(P).

262. Prove that any m x n matrix A of rank r can be factored as A = B - C', where

B is an m x r matrix (full column rank) and C'is an r x n matrix (full row rank).

263. Let A be a square matrix and u, v be column vectors. Prove that rank(A +uv”)
can only take the values: rank(A) — 1, rank(A), or rank(A) + 1.

264. Let A, B be n x n matrices. Prove that rank(A + B) = rank(A) + rank(B) if
and only if Im(A) N Im(B) = {0} and Im(A”") N Im(B”) = {0}.

265. Let A € R™ " and B € R™*. Prove that rank(AB) = rank(B) —dim(Im(B)N
ker(A)). Deduce the necessary and sufficient condition for rank(AB) = rank(B).
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266. Let A be a real matrix satisfying A*> = A. Prove that rank(A) = tr(A?).

267. Calculate the determinant of order n:

14+2 1 1 1
1 14z 1 - 1

D=det| 1 1 14ay - 1
1 1 1 - 14z,

268. Calculate the determinant of order n (n > 3) with elements a;; = cos(z; + y;).

269. Let S ={x1,...,2,} be aset of n distinct positive integers, closed under the

n
GCD operation. Prove that det(ged(z;, z;)) = H(p(xz)
=1

270. Let A and B be square matrices of order n. If rank(B) = 1, prove that the
function f(z) = det(A + zB) is a polynomial of at most degree 1 in z.

271. Let A be an n x n matrix with A; = a and A;; = 8 for i # j. Calculate
det(A).

272. Let f:V — V be an endomorphism on a finite-dimensional vector space V.

(a) Prove there exists a positive integer k such that ker(f*) = ker(f*™) and

Im(f*) = Im(f**1),

(b) With such k, prove that V = ker(f*) @ Im(f").

273. Let f:V — W and g : V — U be linear mappings. Prove there exists a linear
mapping h : W — U such that g = ho f if and only if ker(f) C ker(g).

274. Let f:V — V satisfy f2 = 0. Prove that Im(f) C ker(f). Furthermore, for
an arbitrary f, prove that dim(Im(f) Nker(f)) = dim(Im(f)) — dim(Im(f?)).
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275. Let V be an n-dimensional vector space. Let Hy, Ho, ..., Hy be k hyperplanes
(subspaces of dimension n — 1). Prove that dim(H; N HyN--- N Hy) > n — k.

276. Let f:U — V and g : V — W be linear mappings. Prove the inequality:
dim(ker(g o f)) < dim(ker(f)) + dim(ker(g)).

277. Let A, B be square matrices of order n over C.
(a) Prove that the equality AB — BA = I is impossible.

(b) Suppose AB — BA = A. Prove that A is nilpotent.

278. Let P,@Q be two projections (P? = P, Q* = Q). Prove that tr(P — Q) =
tr(P — Q).

279. Let f:V — V be an endomorphism. Prove that tr(f) = 0 if and only if there
exist two endomorphisms g, h : V — V such that f =goh —hog.

280. Let A and B be diagonalizable matrices of order n. Prove that A and B

commute (AB = BA) if and only if they are simultaneously diagonalizable.

281. Let A be a matrix over C with n distinct eigenvalues. Prove that a matrix B

commutes with A if and only if B is a polynomial in A.

282. Let A be an n x n matrix over C. Consider the linear mapping ¢(X) =
AX — X A. Prove that ¢4 is diagonalizable if and only if A is diagonalizable.

283. Let A € M, (Q) satisfy A? = I where p is prime. Prove that A is diagonalizable
over Q if and only if A= 1.

284. Prove that a complex matrix A is diagonalizable if and only if for all A € C,
rank(A — A\I) = rank((A — \I)?).
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285. Let A be a complex normal matrix (AA* = A*A). Prove it is unitarily

diagonalizable.

286. Let A be a complex matrix of order n. Prove that A is nilpotent (A" = 0) if
and only if tr(A*) =0 for all k = 1,2,...,n.

287. The Contrast Matrix of order n > 2, denoted K,,, is defined by K;; =

S| .
.| .

(a) Prove K, is skew-symmetric with trace 0.
(b) Prove rank(K,) = 2.

(c) Prove the characteristic polynomial has the form Pr(\) = N 2(A\* + A,,).

288. Let S(n,m) be the set of matrices where the sum of even-indexed columns
equals the sum of odd-indexed columns. If A € S(n,m), find the smallest eigenvalue
of the matrix M = I + AT A.

289. Let A be an n x m real matrix with n < m. Prove that A = 1 is an eigenvalue

of M = I,, + AT A with algebraic multiplicity at least m — n.

290. Let A € My(C) have two distinct eigenvalues. Let S =

{N € MQXQ(C)
space of Mayo(C).

A N
(0 A) is diagonalizable}. Prove that S is a 2-dimensional sub-

291. Letay,...,a, € C\ {0} and A= (ﬂ) . Prove A is diagonalizable and
J/ 1<ij<n
find an invertible matrix C' such that C~'AC' is diagonal.

292. Let A = (a;;) € Myxn(R) satisty a; = 0 for all 4 and a;; > 0 for all i # j. Find

the minimum possible value of rank(A).
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293. Let V be a k-dimensional real vector space with standard inner product. Given
., T, €V, consider the matrix D € M, (R) defined by
the squared distances D;; = ||z; — z;||*. Prove that rank(D) < k + 2.

a system of n vectors xq, xs, ..

294. Calculate the following determinant of order n:

2021 1 1 1 1
1 2021 1 1 1
A — 1 1 2021 1 1
1 1 1 2021 1
1 1 1 1 2021

295. Calculate the following determinant of order n:

296. Let M be an n xn matrix where every diagonal entry is a and every off-diagonal

entry is b:
a b b
a b
M = b a
b b b a
Show that . ;
M= I
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297. Let K be a field of characteristic zero and A € M, (K) be the permutation
matrix associated to a permutation o € S, (here n is a positive integer). Suppose the
cycle type of o is (ki, ks, . .., k), where k; is the number of i-cycles in o for 1 <i < n.

Now consider the linear transformations
LA . Mnxn(K) — Mnxn(K>7 RA : Mnxn<K) — Mnxn(K>

given by L4(B) = AB, the left multiplication of B by A, and Ra(B) = BA, the
right multiplication of B by A. Note here L4, R4 are linear transformations on the

n*-dimensional vector space. Find Rank(L + R,4).

298. Let K be a field of characteristic zero and A € M, ,(K) be any matrix.

Consider the linear transformations
LA : Mnxn(K) — Mnxn(K)a RA : Mnxn(K) — Mnxn(K)

given by L4(B) = AB and R4(B) = BA.
Show that the space

S =ker(La+ Ra)NImage(La+ Ry)

consists of nilpotent matrices; that is, any matrix B € S satisfies that

B" =0.
299. Let F be a field and let
k k
s =[x -nr Foo=Jec-wm
i=1 =1
and
k k
o0 =[Jex-20m a0 =]Jex-»0%
=1 1=1
where A\, Ao, ..., \; are distinct elements in F', r; < 7r; and s; <5;, 1 <i <k, are

nonnegative integers.
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Let V be a vector space of dimension n +m and W C V be a subspace of dimension
n where

n=ry+- - +7g, m =351+ -+ 5.

Let T: V — V be a linear transformation with 7'(W) C W and suppose the minimal

polynomial of T'|y is f(X), the characteristic polynomial of T'|y is f(X), and the

minimal polynomial of the induced linear transformation
T:VIW — V/W
is g(X), while its characteristic polynomial is g(X).

Let t1, 1o, ..., tr be nonnegative integers. Show that there exists a linear transformation

T on V and an invariant subspace W as above with 7" on V' having minimal polynomial

k
h(X) = H(X — )"
=1

if and only if the given nonnegative integers ti,to, ..., t; satisfy

max(ri, s;) <t; <ri+s;, 1<i<k.

300. For an integer n > 2, let A and B be singular n x n complex matrices such
that
(AB)" = 0.

Prove that at least one of (AB)"~! and (BA)"! is the zero matrix.

301. Let A and B be n x n complex matrices such that
rank(AB) = rank(BA).

Prove that
AB?A = AB

if and only if
BA’B = BA.
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302. Let S be a finite set of real numbers, and let T" be the set of all n x n matrices

having entries in S. Prove

Z trace(A?) = Z(traee(A))Q.

AeT AeT

303. For any n x n complex matrix M, prove

rank(M) + rank(M — M?) = rank(M — M?) + rank(M + M?).

304. Let M, be the set of n x n complex matrices. We write I for the identity
matrix in M,,. Suppose that A, B € M, satisfy

(I —A?B+2(I — A)B(I — A)+ B(I — A)? = B,

and suppose that there are nonzero complex numbers «, § and odd positive integers
7, k such that
A =al, B = pI.

Prove that the following two conditions are equivalent:

1. There exists a finite subset S of M,, containing B such that
AX+XAeS

for all X € S.

1
2. The matrix A is 5[.

305. A derangement is a permutation with no fixed points. Let D,, be the set of
derangements on {1,2,...,n}. For o € D,, let

and
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Prove that A\,, = 0 when n is odd and

i

n - 27’L7

where ¢, is rational and ¢, = 1 when n = 2 and ¢, > 1 when n > 2 and is even.

306. Let k be an integer with £ > 2. In terms of &, find the smallest positive
integer n such that there exists an n X n integer matrix A satisfying the following

two conditions:
1. ATA = AAT;

2. k is the least positive integer m such that A™ equals the identity matrix.

307. Let A and B be complex n X n matrices, and suppose
A"B=A
for some integer m with m > 2. Prove

A"B = A""'BA=A"2BA?=... = ABA™

308. A matrix A with ¢, j-entry a;; is special if
Gpyliey; = ol AF Gl = U

for all 7, j, s, k such that
1<i<ji<s<k<n.

A matrix A is strong if all its 3 x 3 submatrices have rank 3.

1. Prove that, when n > 6, no n X n real matrix is special and strong.

2. Show that there is a 5 x 5 matrix that is special and strong.

309. Let A and B be n X n matrices that are real, symmetric, and positive definite.
Find all n x n matrices X that are real, symmetric, and positive definite and that
satisfy

XAX = BX'B.
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310. Let n and k be integers with 1 < k < n, and let A be an n X n matrix with
1, J-entry given by
1, ifj=i+1 (modk),
;5 =
! 0, otherwise.

What is the characteristic polynomial and minimum polynomial of A?

311. Let A" denote the conjugate transpose of a complex matrix A. Show that
A% = AA*AA*A

if and only if
A=B+C

for some matrices B and C' satisfying

=1 ="  EO=08=0

312. Find all prime numbers p such that there exists a 2 x 2 matrix A with integer

entries, other than the identity matrix I, for which

AP AP 4 A=p].

313. Let k and n be positive integers with k& < n. Characterize the n x n real
matrices M with the property that for all v € R" with at most k nonzero entries, Mv

also has at most & nonzero entries.

314. Let A be an n x n positive-definite Hermitian matrix, with minimum and

maximum eigenvalues A and w, respectively. Prove

1 Tr(A) wn \" 1 s
- < -
(w n + Tr(A)) < det (wA +wd ) ’

and

1 A Tr(A=H\" 1 _
< ZA+NATH) .
<)\Tr(A—1)+ - ) _det<)\ + A )
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315. Let A be an n x n skew-symmetric real matrix. Show that for positive real

numbers x1,...,x; with k£ > 2,
det(A + z11) - - - det(A + L) > (det (A + (2 - -:ck)l/k[))k :
In addition, show that if also all z; lie on the same side of 1, then

det(A+ I det (A+ay---23d) > det(A+ 1) -~ - det(A + 211).

316. Definitions.

a) A matrix is called a complexr matriz if all its entries are complex numbers. (In

particular, any vector in C" is considered an n x 1 complex matrix.)
b) For any complex matrix A, we denote the matrix A by A*.

c) Let Uy(C) be the group of all unitary 2 x 2 complex matrices. In other words,
Uz(C) = {U € GLy(C) | U* =U '}

d) A complex matrix A is called Hermitian if it satisfies A* = A.

Problem. Let Ay, Ay, ..., A, be n Hermitian 2 x 2 complex matrices. Define a
function F' from the Cartesian product (U(C))"™ to R by

n
F<U17U27. o ,Un) = det E U:AkUk for every (Ul,. o .,Un> € (UQ(C))”
k=1
Show that
n n
in  F(U) = E Ap) - E A,
i (U) 01(Ax) o2 (A)
k=1 k=1

where 07(A;) and 02(A;) denote the greatest and the least eigenvalue of the matrix

A;, respectively, for every j € {1,2,...,n}.

317.
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(a) Show that for any m x n complex matrix E = (e;;),
n m

det(E*E) S H E |eij|2-
j=1 i=1

(b) Let F' be an m x n matrix. If G consists of some columns of F' and H contains

the remaining columns of F', show that

det(F*F) < det(G*G) det(H"H).

318. Let X and Y be square matrices of the same size. Show that
|det(I — Y X*)|? < det(I + XX*)det(I +Y*Y)

and
|det(X + Y)|? < det(I + X X*)det(I + Y*Y).

’ 319. Let A € M,(C). Show that

(a) A= AA*S for some matrix S.

(b) If A is nonsingular, then matrix S in (a) is unique.
(¢) A= (AA)Y2T for some matrix 7.

(d) If A is nonsingular, then 7" in (c) is unique and it is unitary.

320. Let {fi,...,0,} be a basis of a vector space V of dimension n and let

{aq,...,a,} be a set of vectors in V. Write each o; as

n
o = E ai]ﬂj, z:l,,m
j=1

Let A = (a;j) be the m xn coefficient matrix and {4y, ...,4,} € {1,...,m}. Show that
{ai,...,q; } is linearly independent if and only if the corresponding rows iy, . . . , iy of
A are linearly independent, and if and only if there is a nonsingular k& x k submatrix

of A lying in rows iy, ..., i of A. Conclude that dim Span{ay,...,a,} = r(A).
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321. Let a={aq,...,an} and 8 ={5,..., 5.} be two sets of vectors in a vector

space V such that each q; is a linear combination of 5y, ..., G,:

n
o = E ai]ﬂj, z:l,,m
j=1

Let A = (a;;) be the m x n coefficient matrix. Show that
(a) dim(Span «) < dim(Span f3).
(b) dim(Spana) < r(A).
(c) If B is linearly independent, then dim(Span ) = r(A).

(d) If « is linearly independent, then r(A) = m and n > m.

322. Let A be an n x n real matrix.
(a) If A" = —A and n is odd, show that |A| = 0.
(b) If A* + I = 0, show that n must be even.

(c) Do (a) and (b) remain true for complex matrices?

323. Let A€ M,(C). If AA* =T and |A| < 0, show that |A + I| = 0.

324. Letne N, n>2.
(a) Prove that det(A? — B?)(C? — B*) > 0 for all A, B,C € M,(R) with AB = BC.

(b) Find all values & > 1 such that det(A* — B*)(C* — B*) > 0 holds for all
A, B,C € M,(R) with AB = BC.

325. Let n € N, n > 2. Find all the values £k € N, k£ > 1, for which the following

statement holds:
“If A € M,(C) is such that A*A* = A, then A = A*.” (%)

(Here, A* = A" denotes the transpose conjugate of A)
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326. Let adj(A) denote the adjugate matrix (or cofactor matrix) of A = (a;;) €
M,,(C), that is, adj(A) is the n x n matrix whose (i, j)-entry is the cofactor (—1)""7|A;;|
of aj;, where Aj; is the submatrix obtained from A by deleting the j-th row and the

i-th column. Show that
(a) 7(A) = n if and only if r(adj(A)) = n.
(b) r(A) = n — 1 if and only if r(adj(A)) = 1.
(c) 7(A) < n — 1 if and only if r(adj(A)) = 0.
(d) |adj(4)] = |A]".
() adj(adj(A)) = |A]"2A.
(f) adj(AB) = adj(B) adj(A).
(g) adj(XAX™") = X (adj(A))X " for any invertible X € M, (C).

(h) |adj---adj(A)| = |A| when A is 2 x 2.
k

(i) If A is Hermitian, so is adj(A).

(j) Find a formula for adj---adj(A) when |A| = 1.
k

327. Let A € M,(C). Show that
(a) Im(AA*) =Im A. Does Im(A*A) = Im A?
(b) A= AA*B for some matrix B € M,(C).

(c) If A*A = AA* and A%z = 0, then Az = 0.

328. Show that A is invertible if A = (a;;) € M, (C) satisfies, for each 1,
n
lai| > E |- (Row diagonal dominance)

j=1, j#i

26




Show that I — B is invertible if B = (b;;) € M,,(C) satisfies

n
1> E |bij|7 1=1,2,...,n.
j=1

329. Find all matrices A € M,,(Z) for which

202542025 — 2024 | 42023 ... 4 4

330. Let
a; ifi=j
Tijg =40 ifi#j i+j#2n+1,
b ifidj=2n+1,

where a;, b; are real numbers. Evaluate the determinant Ay, = |x;;]|.

331. Let n > 2 be an integer, and let A be an n x n real matrix with minimal

polynomial " + x — 1. Show that

tr((nA"' +1)7TA"?) = 0.

n
(Here tr(B) = E bii for B = (bi;)}j—1-)
1=1

332. Let A, B be real square matrices satisfying
A% — 0, AB =A+ B.

Prove that det B = 0.
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333. Denote by (a,b) the inner product of two vectors a,b € R". Let ay, as, ..., a; €
R"™, and put

(alu al) (a’h a?) t (ala ak—l) (a/17 a/k)
(CL2, CL1) (CL27 a2) s (a2, Gk—1) (CL27 ak)
A pr—
(ak—l, al) (ak—la CLQ) ce (ak—h ak—l) (ak—h ak)
| (ak,a1)  (aga2) - (agap-1)  (ak, ) |
Prove that
1) det A > 0;

2) A is a symmetric matrix and all of its eigenvalues are nonnegative.

334. Let A be a square matrix of order n all of whose entries are even integers.

Prove that A cannot have an odd integer as an eigenvalue.

335. Let A, B € M, (R) be matrices. Consider the matrix function f : M, (C) —
M, (C) defined by
f(Z)= AZ + BZ, 7€ My(C),

where Z is the matrix having as elements the conjugates of the elements of Z. Prove

that the following statements are equivalent:
(i) f is injective;
(ii) f is surjective;

(ili) the matrices A+ B and A — B are invertible.

336. Fix n € N. Let ay,as,...,a, be some real numbers. Define A € M, (R) by

A = [a;5]1<i,j<n Where
aij = 0ij +a; +a;, 1<4,j<n.

(0;j =11if ¢ = j and 9;; = 0 if ¢ # j.) Compute the characteristic polynomial of A.

[Caution: The value of n matters in these computations.]
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337. Let A€ M,(R) be a symmetric matrix and let k be a positive even integer
such that
[trace(A")]*! = [trace(A* 1),

Prove that A™ = trace(A)A™ ', If k is a positive odd integer, does the conclusion still
hold?

338. Let A, B € M,(R) be commuting matrices. Let a € C be an eigenvalue of
A+ B. Prove that there is a decomposition &« = A + p where A € C is an eigenvalue

of A and p € C is an eigenvalue of B.

339. Let A € M,(R) with rank(A) = 7 > 1. Prove that A*> = A if and only if
there exist matrices B € M,,»,(R) and C' € M,,(R), both of rank r, such that
A = BC and CB = I.. Moreover, show that if A = A then det([, + A) = 2" and
det(21, — A) =2""".

340. Let A, B € M,(R) be invertible matrices satisfying AB + BA = O,,. Prove
that the matrices I,,, A, B, AB are linearly independent.

341. Let A,B € M, (R) satisfy A" = B' = [, and AB = BA. Prove that
I, + A + B is invertible.

342. Let A = [a;] € M, (R), with n odd, satisfy:
a) Qi = )\,
b) A5 = —Aj; for all ¢ 7& ]

Find the condition on A so that the system Az = b has a unique solution, where

r=[r1,..., 1) b=[b1,...,b)"

343. Let A, B € M3(Z) satisty

1 2k k(2K +1)
AB= |0 1 % |, keN.
0 0 1
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Prove that there exists C' € Mj(Z) such that BA = C*.

344. Let A = [a;;] be an n x n matrix satisfying I + A+ A% +- -+ A**'% = 0. Prove
that A* — I is invertible.

345. Let M— (1 ).
1 -1

a) Prove that if A is a real 2 x 2 matrix with AM = M A, then there exist real
numbers «, # such that A = al + M, where [ is the 2 x 2 identity matrix.

b) Using part a), find all real 2 x 2 matrices X such that X206 — X010 — g/,

346. Let n > 3 and let A be a real n x n matrix whose entries in every row

form an arithmetic progression. Prove that there exist real numbers «, 8 such that
A3+ A2+ BA=0.

1 1 1 -1
347. Let A = ( . 1), B = < 1), and let My, ..., My be 10 matrices
satisfying:

i) all entries of every M; (i =1,...,10) are integers;

ii) for each i =1,...,10, M; commutes with A or with B;

2016 0
iﬁ)AJf+]W§+~-~+A£%::< 0 _2mB>.

Compute N = M{ + M9 + - - - + My,

348. Let A, B be real n x n matrices with A'® = B'® = I, and AB = BA. Prove
that I,, + A + B is invertible.
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349. Let N be an n x n matrix all of whose entries equal 1/n?, and let A be a real

n x n matrix such that A¥ = N for some positive integer k. Writing A = [@;;]n, prove
n

that g az; > 1.

b,y=1

350. Let A, B be n x n matrices with A invertible and A2 — B = AB. Can B be

nilpotent? Justify your answer.

351. Let A = [a;]7%% be a nonsingular real matrix of order 2021. Consider the
column matrices Ak = [alk, Aoy - - - ,a2021,k]t, b = 1, 500y 2021. Let M = A1 + 2A2 -+
oo 4 2021 Asp01. Find all matrices X satisfying:

X(M - Al) = Al - A20217
X(M — Ay) = (A2 — Aso),

X(M — Ap) = £(Ap — Asoza—s),

X(M - A2021) = 20%(142021 - Al)

2021
352. Let f(z) = Z(—l)z(z +1)z" and
1=0
2 -5 4
A=13 -7 5
4 -9 6

Compute f(A).
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9
353. Let r be a positive integer and £ = exp<ﬂ> a complex r-th root of unity.
r

Yo

For a € R, define £* = exp< ) Find the inverse of the matrix

1 fa . é(rfl)a
| gotl . gDt
A _ 5 5 5
1 gotk o grDlatk)
-1 ga+r—1 . g(r—l)(a—i—r—l)-

354. Let A = (a;;) be a 2021 x 2021 matrix with entries a;; = i* + j* + 202045 + 2021
for all 4,5 = 1,...,2021. Compute det A.

355. Let aq, a9, a3, a4 and by, bo, b, by be, respectively, 4 consecutive even numbers

and 4 consecutive odd numbers. Compute det A, where

(ar +b1)% (a1 +b2)® (ay +b3)® (ay+ by)?
A (ag +b1)® (ag+b2)® (ag +b3)® (ag + by)®
(as+b1)% (a3 +b2)® (as+b3)® (ag+ by)?
(as+b1)° (aa+02)° (aa+0bs)® (as+0s)°

356. Let A = [a;jlexe With a;; =0if i = j, and a;; € {1,2021} if i # j. Prove that
det A is always nonzero.

357. Let A= (a;), B = (b;;) be real n x n matrices satisfying AB*> + A = 2AB+1.
a) Prove that A and B commute.

b) If a;;, b;; are integers for all 4,5 € {1,...,n}, compute det A.

358. Let X be areal n x n matrix satisfying X + X7 = I,, (I,, the identity matrix,
1
X7 the transpose of X). Prove that det X > e
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359. Compute

z 0 0 --- 0 1/n!
-1 z 0 --- 0 1/n!
o =2z - 0 1/nl
llm . . . . . °
n——+00 : : :
0 - =z 1/n
0 —n 1/n!

360. Let A, B € M,(R) satisfy AB = BA, with B nilpotent. Prove that det(A +
B) = det(A).

361. Let A = (a;;) be a 2022 x 2022 matrix with a;; = —ay; for all i, j = 1,2022.
Let B = (b;;) be a matrix of the same order with b;; = a;; + 23 for all 4, j = 1,2022.
Prove that det A = det B.

362. Let A be an n X n matrix with rank A = 1. Prove that

det(A+1I,) = tr(A) + 1.

363. Let real numbers a;; + a;; = 0 for 4,5 = 1,2,...,2014. Solve the linear system

(

(a1 + 2014)z1 + a1p2 + - - - + @1,2014%2014 = 0
a1 + (age + 2014)xs + - - - + a2.2014T2014 = 0

| @2014,171 + @20142T2 + -+ + (@2014,2014 + 2014) 29014 = 0

364. Let P(z) = (z —2)(x — 3)--- (z — 2014). Suppose P(z) = a; + agx + -+ - +

a20142°°'3. Solve the system

)
121 + QT2 + -+ + A2013%2013 + 201472014 = 0

(201471 + a1T2 + - - - + A2012T2013 + Q20132014 = 0

| @271 + azTy + -+ + A2014%2013 + A1T2014 = 0
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365. Let Ky(Z)={A| A€ My(Z) and det A = 1}.
a. Do there exist A, B,C € Ky(Z) such that A> + B*> = C*?

b. Do there exist A, B,C € Ky(Z) such that A* 4+ B* = C*?

n

366. Define the trace of a square matrix C' = (¢;j)nxn, denoted tr(C'), as E Cii-

1=1
Let A, B be real n x n matrices satisfying AB — BA = A. Compute the trace of
A2014.

367. Define the trace of a matrix A, denoted Tr(A), as the sum of all entries on
the main diagonal of A. Let A = (ai;)nxn be an n x n matrix satisfying A% = 0.
Compute Tr(A).

368. Let A be an n X n matrix with 2015 on the main diagonal and 2014 elsewhere:

2015 2014 --- 2014
2014 2015 --- 2014
2014 2014 --- 2015

Compute A*, where k is a given positive integer.

369. For each matrix A € Ms(R), determine whether there exist B,C € M(R)
such that A = B + C2.

370. Let A, B be two 2 x 2 matrices satisfying (AB)* = 0. Prove that (BA)* = 0.

Does the statement remain true for A, B square matrices of order greater than 27

371.

1. Let A= and let n > 0 be an integer. Find (A™)~".

S gt
_ = O
_— O O
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2. Let A and B be distinct real n x n matrices. Suppose A% = B® and A’B = B?A.
Prove that A% + B? is not invertible.

372. Compute det A, where A is the 2000 x 2000 matrix with (¢, j)-entry equal to
i — 5] + 1.

373. Let ag be a real number, and suppose {ag, a1, as, ..., a3} is an arithmetic
progression with common difference d = 4. Find the condition on ay such that the

symmetric (Toeplitz-type) matrix A = (aj;_j|)o<i,j<2013 is invertible.

374. Let A and B be two 2013 x 2013 matrices satisfying AB*A+ BA?B = I, where
I is the 2013 x 2013 identity matrix. Find the sum of the entries on the main diagonal
of AB*A.

375. Let A and B be two 2013 x 2013 matrices satisfying rank(AB) = rank(A) -
rank(B). Determine the matrix A if rank(B) > 2.

376. Let A be a 3 x 3 matrix whose entries are 0 or 1. Find the maximum value of
det(A).

377. Does there exist a 3 x 3 square matrix A such that Tr(A4) = 0 and AT + A% = I,

where Tr(A) is the sum of the entries on the main diagonal of A?

378. Let A, B be n x n matrices such that A?**'3 =0, AB = BA, B # 0. Prove that
rank(AB) < rank(B) — 1.

379.

1. Find all matrices commuting with A =

o O O
[ R
S W N

2. Solve the equation X" = A for n € N*.
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380. Let a,b,c be real numbers satisfying a® + b* + ¢* = 4. Find the maximum and

minimum of the determinant of

a+b b+c c+a
A=|c+a a+b b+c
b+c c+a a+bd

381. Compute the sum of all determinants of n x n matrices (n > 2) such that every
row and every column contains exactly one nonzero entry, and the nonzero entries

are pairwise distinct values taken from {1,2,... ,n}.

382. Suppose A is a 2013 x 2013 matrix satisfying: trace(4?) = 8052, and every
2013 x 2013 matrix B can be written as B = B; + Bs, where AB; = B;A and
ABy = —ByA. Prove that there exists a natural number m < 2013 such that
det(A—1)=(-3)™.

383. Do there exist two 2 x 2 matrices A, B such that C' = AB — BA commutes
with both A and B, and C' is nonzero?

384. Let A, B be nxn matrices satisfying Im(A)NIm(B) = {0}, and let {us, ..., ux},
{v1,...,vx} be arbitrary subsets of R". Prove that if & > r(A) + r(B) (where r(A)
denotes the rank of A) then there always exist real numbers Aq, ..., A, not all zero,
such that

)\1AU1 + )\QAUQ =+ 4 /\kA’U,k == /\13’[)1 —+ )\QBUQ + 4 )\kB’Uk

385. Let V be the set of n x n matrices whose entries are pairwise distinct values
taken from {1,2,...,7n%}. Find the maximum and minimum of r(A) for A € V (r(A)
denotes the rank of A).

386. Find all n xn matrices A such that for every n x n matrix B, det(A+2013B) =
det A + 2013 - det B.
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387.

1. Let A, B € Mat(n,R) be such that there exist (o, 3) € (R — {0})? satisfying
AB + aA+ B = 0. Prove that AB = BA.

2. Prove that for all A, B,C € Mat(2,R),

(AB — BA)’C — C(AB — BA)* = 0.

388. Suppose the determinant of the matrix A = [a;;].xn equals a, and the sum
of the algebraic cofactors of the entries of A equals 5 (a, 8 € R). Compute the

determinants of the following matrices:
1. B = [a;; + 2013},x, (every entry of A increased by 2013).

2. C, the matrix whose first row consists of all 1’s and whose (k + 1)-th row (for

k= 1, NN (A 1) is (akﬂ,l — A11, Ag4+12 — A12, - -y Qkt1n — aln).

389. Let A and B be n X n matrices satisfying rank(AB) = rank(B). Prove that
ABX = ABY <= BX = BY forall X,Y.

390. Let A and B be n x n orthogonal matrices satisfying det(AB) < 0. Prove that
det A+ det B = det(A + B).

391. Let A be an n x n matrix. Prove that if trace(A” A) + n = 2 - trace(A) then A

is invertible.

392. Let A and B be two 2013 x 2013 matrices satisfying AB + 20124 + 20138 = 0.
Prove that rank(A) + rank(B) # 2013.

393. Prove that if an n x n square matrix A has entries equal to 0 on the main

diagonal, and all remaining entries equal to 1 or 2014, then rank(A) > n — 1.

394. Let A, B be real square matrices satisfying A% =0, AB = 20124 + 20115.
Prove that B?*'* = 0 and det(A — 20111) # 0.
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395. Let f:V — W be a linear map between finite-dimensional vector spaces over
a field K. Prove that:

1. If A is a k-dimensional subspace of V' such that A N Ker f is an r-dimensional
subspace, then dim f(A) =k —r.

2. If B is a subspace of W such that BN Im f is an s-dimensional subspace, then
dim f~'(B) = dim V + s — rank(f).

396. Let V = F[z] and let f be the endomorphism of V' defined by f(P) = zP.
Determine the eigenvalues and eigenvectors of the endomorphism F' : End(V) —
End(V') defined by F(g) = fog—go f.

397. Let A be areal n X n matrix and let 4,14 be the linear endomorphisms of
the real vector space M (n,R) of n x n real matrices, defined by p(X) = AX — XA,
Ya(X) = AX. Prove that det(p4) = 0 and det(1p4) = (det A)".

398. A polynomial in n variables z1, ..., x, is called homogeneous of degree d if the
sum of exponents of the variables in every monomial equals d (for example, z5x3 + azg
is homogeneous of degree 5 in three variables x1, x9, z3). Find the dimension of the
real vector space consisting of the zero polynomial together with all homogeneous

polynomials of degree d in n variables with real coefficients.

399. Let V be an n-dimensional vector space over R and let f be a linear endomor-
phism of V. For each nonnegative integer k, let f* denote the k-fold composition of
f with itself (f° =1Idy, f* = f, f*= fof,...). Prove that:

1. There exists a nonnegative integer m < n such that
ImfPOImf!'o - DImfm=Imfm=...
ker f© Cker f! € --- C ker f™ = ker f™! = ...

2. {dimker f**! — dimker f*} 101

is a decreasing sequence.

yoos

3. V=ker f"@Imf™.
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4. Every n X n matrix with real coefficients is equivalent to a matrix of the form

N 0
0 ) , where N is a nilpotent square matrix and C' is an invertible square
matrix.

400. Let X be aset. Equip F(X,R) with the R-vector space structure induced from
that of R. Let n > 1 and fi,..., f, € F(X,R). Prove that fi,..., f, are linearly
independent if and only if there exist n elements z1,...,x, € X such that the matrix

(fi(xj))lgi,jgn is invertible.

401.

1. Let f be a linear endomorphism of C". Prove that the following two conditions

are equivalent: (i) f is diagonalizable; (ii) f? is diagonalizable and ker f = ker f2.

2. Find necessary and sufficient conditions on the tuple of complex numbers

(a1,...,a,) so that the matrix
0 O an,
0 0 0
0 (05} 0
aq 0

is diagonalizable.

402. Let V be a vector space over a field K. Let Fy, Fy, ..., F, (n € N;n > 1) be
finitely generated subspaces of V. Prove that

dim(Fy+ Fo+ -+ F,) <dim F} +dim F5 + - - - + dim F},.

Moreover, equality holds if and only if F; + F5 + --- + F}, is a direct sum in V.

403. Let Vi, V5, V3 be three subspaces of a 2014-dimensional vector space V' over R.
Prove that if dim V; 4+ dim V5 4+ dim V3 > 4028 then V; NV, N V3 #£ 0.
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404. Let E be a finite-dimensional R-vector space, and call an endomorphism w of
E nilpotent if there is a positive integer k& with u* = 0. Define the nilpotency degree
of a nilpotent endomorphism wu as the smallest positive integer p such that u? = 0.
Let u be a nilpotent endomorphism of degree p. Prove that there exists a vector = of

E such that the system {z,u(z),...,u’""(2)} is linearly independent.

405. Let F be a vector space over R. A linear endomorphism f of E is called
nilpotent if there exists & € N such that f* = 0 (the smallest such & is called the
nilpotency degree of f). Prove that if f is a nilpotent endomorphism of degree p
of E, then the system {idg, f,..., f*~'} is linearly independent in the vector space
End(E).

406. Let V be the space of continuous real functions on [a,b], and suppose

b
fi, fo, oo, fu € V satisfy det / fi(x)f;(z)dz | = 0. Prove that the system of
a

vectors { f1, fa, ..., fn} is linearly dependent in V.

407. Let A, B be n x n matrices, where B is nilpotent and AB = BA. Prove that

A is an eigenvalue of A if and only if A is an eigenvalue of A + A\B.

408. Let A = (a;;) be an n x n matrix, where a;; = b"7 if i # j, and a;; = 0 if
i =7, with b # 0. Find the eigenvalues of A and compute det(A).

409. Let A, B be n x n matrices satisfying A — A> + B — B> = AB. Prove that
A+ B has eigenvalue 1 if and only if A or B has eigenvalue 1.

410. Let A, B be real square matrices satisfying ATA = I and BTB = I, with
det A # det B. Prove that det(A + B) = 0.

411. Let A, B,C be pairwise commuting real square matrices. Prove that there
exist real numbers a, b, ¢, not all zero, such that det(aA + bB + ¢C) = 0.
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412. Let A = [a;] be an n x n matrix defined by a;; = 0 if i/ + j* = 3k; a;; = 1 if
P+ =3k+1; Gy = 2 it i/ + j' = 3k + 2. Find the largest natural number n such
that det(A) # 0.

413. Compute the determinant

0 1 22014 32014 . 20142014
1 0 1 22014 L. 20132014
AU 1 0 1 coe 20122014
20142014 20132014 90122004 9011201 ... 0

414. Let A € M2014><n(R)7 n Z 1. Prove that det(AAT ol 4[2014) Z 24028.

415. Let A € M5(R), B € M3(R). Prove that
a. det(A) = = [(tr(A))* — tr(A%)].

b. det(B) =

| = N =

[(tx(B))? — 3tr(B) tr(B?) + 2tr(B%)].

416. Compute the determinant

a 1 --- 1 1
o ol 1
-1 -1 -+ ... 1
-1 -1 -+ —1 au

417. Let A = (a;;) be an n X n matrix (n > 2) such that every entry a;; has the
form p?, where p is a prime greater than 3. Prove that det(A) is divisible by 24",

418. Let A be a square matrix of order n > 1: A = (a;;), a;; € Z, where a;; is odd
for i # j and ay; is even (1 < 4,7 <n). Prove that det(A) # 0.
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419. Let A be a 3 x 3 matrix: A = (a;;) with a;; € K, 1 <4,j <n, K a field. Prove
that A? = 0 if and only if rank(A) < 1 and trace(A) = 0.

420. Compute the determinant

T 1 0
n—1 x 2
0 n—2 x
D =
0 0 - x n—1
0 0 1 45

421. Let A be a 2013 x 2013 matrix. Prove that if det(A™) = 2013 then the entries

of A cannot all be integers.

422. Let f(x) = a1 + agx + - - - + a,z" ' be a polynomial with real coefficients, and
let wy,ws,...,w, be the n-th roots of unity. Let A be the circulant matrix whose k-th
row is a cyclic shift of (aq,...,a,), and let B be the Vandermonde-type matrix with

(1, j)-entry wj?_l. Compute det(A).

423. Let W be the set of 3 x 3 matrices whose entries take only the values 1. Find

the number of matrices in W with positive determinant.

424. a) Prove that

a al(al - 1) ( )( )
o as ag(az — 1) a2(a2 - 1)((12 - 2) _ Ui — Qs
det a3 a3(a3_1) CL3(CL3—1)(G3_2) H ( J z)-
( ) aa( ) )

1<i<j<4

—_ = =

ay a4a4—1

b) Assuming a;, as, as, ay are integers, prove that | | (a; — a;) is divisible by 12.

1<i<j<4

72




425. Let n > 2 be an odd integer, and let A and B be the n x n matrices with
complex coefficients such that rank(AB + BA) = 1. Prove that the determinant of
AB — BA is equal to 0.

426. a) Let Vj denote the vector space of polynomials with real coefficients of degree
4

at most 4. Define e : V; — Vy by e(f) := E
1=0
of f (f© = f). Prove that e is an invertible linear map from Vj to itself. b) Let V/

denote the vector space of polynomials with real coefficients. For each polynomial f,
(0.9]

(@)
define e(f) := E f" . Prove that e is an invertible linear map from V' to itself.
!

f(z‘)

il

where f@ is the i-th derivative

1=0

E, B
427. a) Let X = o ) be a block matrix formed from the identity matrices

n
E,., E, of orders m,n respectively, and matrices B, C of sizes m x n and n x m

respectively. Prove that

det(X) = det(E, — CB) = det(E,, — BC).

A B
b) More generally, let X = (C’ D)’ where A, D are square matrices and A is

invertible. Prove that det(X) = det(A) det(D — CA™'B).

428. Let A and B be square matrices of order 2010 with real coefficients such that
det A =det(A+ B) = det(A+2B) = --- = det(A +2010B) = 0.

a) Prove that det(zA + yB) = 0 for all z,y € R. b) Give an example showing that

the conclusion of part a) is no longer true if one only assumes det A = det(A + B) =
-+ = det(A + 2009B) = 0.

429. a) Let A be a real square matrix of order n > 2 with the sum of its diagonal
entries equal to 10 and rank(A) = 1. Find the characteristic polynomial and the
minimal polynomial of A (the minimal polynomial of A is the polynomial P(t) = 0 of

smallest degree, with real coefficients and leading coefficient 1, such that P(A) = 0).
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b) Let A, B, C be real square matrices of order n, where A is invertible and commutes
with both B and C'. Suppose C'(A + B) = BC. Prove that B and C' commute with

each other.

430. Solve the system of linear equations

(

x1 = 2(4x1 + 3xe + 223 + x4)
< Ty = 3(x1 + 49 + 33 + 224)
x3 = 4(2x1 + z2 + 4x3 + 324)
x4 = 5(3x1 + 2w + x5 + 4y)

\

431. A square matrix A is called nilpotent if there exists k& > 0 such that A* = 0.

a) Prove that every strictly upper triangular n X n matrix is nilpotent, and that
the set of such matrices forms a subspace Vj of M, (R). Compute dim Vj.

b) Suppose V is a subspace of M, (R), all of whose elements are nilpotent matrices.

n®>—n

Prove that dimV <

432. Let A be a square matrix of order n > 2 whose entries are odd perfect squares.
Prove that det(A) is divisible by 8" .

433. Let A, B € Myp(R) be two matrices satisfying A =0 and AB = 24 + 3B.
Prove that (A + B)'% = 0.

434. Let A be a square matrix of order 5 whose entries are 1 or —1. Prove that
| det(A)| < 64.

435. Let A € M, (C) be a matrix of rank 1 such that Tr A € R and there exist
a,b € C with |a| = 1 such that

A2 4 gAA* + aA*A + b(A*)? = O,

where A" = ZT. Prove that there exists u € C" such that A = 4+u - @’ .
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436. Let A, B € M,(R) such that A* = —1I,,, det B # 0, and AB = —BA. Prove
that 7 is even and the sign of det B is (—1)"/.

437. Let X,Y € M,(C) such that Y?> = YX — XY and the rank of X 4+ Y is 1.
Prove that Y? = Y XY = O,,.

438. Consider n > 2 and A € M,,(C). Prove that there exists k € N, 1 < k < n,
and B € M,,(C) such that

B? = B, ker B = ker A", Im B = Im A*.

439. Let A, B € M, (C). Prove that the following statements are equivalent:

1) For all matrices C' € M,,(C), there exist X,Y € M,,(C) such that AX +Y B =
¢

2) For all matrices C' € M,,(C), there exist U, V € M,,(C) such that AU +V B? =
C.

440. Consider A, B € M,,(C) such that AB+ BA = A+ B. Prove that the following

assertions are equivalent:
a) rank AB + n = rank A + rank B;

b) ker B C Im A.

441. Let A, B,C € M, (C) with A # O such that A+ BAC = BA + AC. Prove

that 1 is an eigenvalue either for matrix B or for matrix C, with algebraic multiplicity

rank A
at least 5
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442. We consider a natural number n, n > 2, and the matrix

1 2 3 n

n 1 2 n—1
A=|n—-1 n 1 n—2

2 3 4 1

Show that

" det (I, — A*) 4" det (eI, — A*")+e" " det(e’L, — A”") +- - -+det ("L, — A*")

o [ o ().

where e € C\ R, e"*! = 1.

443. Prove that if A € M,,(C) is invertible and anti-Hermitian, then the function
[iMAC) = MA(C),  F(X)= AX— XA, X € M,(C),

is bijective.

444. We consider a prime number n > 3, two matrices A, B € M,,_1(Q), AB = BA,
and

c— cos 2(n —1)m +isin 2(n — 1)777
n n
such that
a). det(A —eB) = 0;
n—1
b). Ze”‘ki det(1 — e ") det(s*B - A) >0 for alli € {0,1,...,n —2};
k=0
c). det B > 0.
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Show that whatever m > 1 is a natural number and whatever the rational numbers

m
bo, b1, ..., by, if E b AFB™ 7 o£ O, then
k=0

m
det E b AFB™ R | £ 0.
k=0

445. Let A, B € M, (R) be two real, symmetric matrices with nonnegative eigenval-

ues. Prove that

A+ B*=(A+ B)® ifand only if AB = O,.

446. Let A € M, (R) be a matrix with real eigenvalues such that
Tr(A?) = Tr(A*) = Tr(A).

Prove that Tr(A*?%) = Tr(A?) and Tr(A**) = Tr(4%).

447. Consider C € M, (C), C = A+iB, A, B € M,(R), with rank C = 1. Prove
that:

a) Tr(A® + B?) > 0;

b) if Tr(A* + B?) = 0, then A% + B* = O,,.

448. Let n,k € N*, ¢ € C* and A € M, (C) such that A*™ = a - A. Prove that
Tr(A*) = a - rank A.

449. For a matrix M € M,,(C), we denote ker M = {X € M,,1(C) : MX = O, }.
Prove that, for any A, B,C € M,,(C), the following assertions are equivalent:

(i) AB=A, BC =B, CA=C;

(ii) A>=A, B*>=DB,C*=C,ker A=ker B=kerC.
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450. Let A, B € M,,(C) be two matrices of the same rank and let & € N*. Then

A*IBY — A if and only if BFttA* = B.

451. Let A, be the n x n determinant

a b b
c a

A,=|c ¢ a --- b b|, a,b,c € R.
cC C ¢C cC a

Find a recurrence formula for A,,.

452. Let m,n € N*. Consider matrices
A, B e M,(C)
and complex numbers ag, ay, . . ., a,, with ag # 0 and a,, # 0, such that
A(aol, + 1B+ a;B*> + - + a,,B™) = B.

Prove that
AB = BA.

453. Let A and B be two n x n matrices that are orthogonal projections, i.e.

A% = A= A" B?* =B = B*.
Let VA + B denote the positive semidefinite square root of A + B. Prove that
tr(A4+B)—(2—Vv2) rank(AB) < tr VA + B < (V2—-1) tr(A+B)+(2—V/2) rank(A+B),
and show that equality holds simultaneously if and only if

AB = BA.
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454. Let
M:{Al,AQ,...,An}

be a set of n > 2 matrices in

Mi026(C)

such that
ABe M for all A, B € M.

Prove that there exist
€1,€2,...,En € {_1a Oa ]-}7

not all zero, such that

rank (€1A1 + 82142 GF oo €nAn> S 1013.

455. Let A € My(R) be a matrix with real entries such that
det(AZ™ — [,) = det(A?M + L)
and
det(A®™% — [,) = det(A4%1° + I).

Prove that
det(A™ — 1) = det(A™ + I)

for every n € N.

Here N denotes the set of positive integers and I is the 2 x 2 identity matrix.

456. Consider A, B € M,,(C) such that
AB = BA,  det B #£0.

(a) If
|det(A+ zB)| =1 for all z € C with |z] =1,

prove that
A" =0,.

(b) Is the conclusion still true if the commutativity condition is dropped?
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457. Let S denote the vector space of real n x n skew-symmetric matrices. For a

nonsingular matrix A, compute the determinant of the linear map

Ty: S — S, TA(X) = AX A"

458. Let M7.7 denote the vector space of real 7 x 7 matrices. Let A be a diagonal
matrix in M7.7 that has +1 in four diagonal positions and —1 in three diagonal
positions. Define the linear transformation 7" on M7«7 by T(X) = AX — X A. What

is the dimension of the range of 77

459. Let F be a field. For m and n positive integers, let M,,, be the vector space
of m x n matrices over F'. Fix m and n, and fix matrices A and B in M,,y,. Define

the linear transformation 7" from M, «,, to M,,x, by
T(X)=AXB.

Prove that if m # n, then T is not invertible.

460. Determine all solutions to the following infinite system of linear equations in

the infinitely many unknowns zq, zo, .. .:

x1+x3+x5=0
To+x4+26=0

l‘3+$5+l‘7:0

How many free parameters are required?

461. Let A and B be n x n matrices with complex entries such that B is not

invertible and
AB? — B*A = adj(B).

Prove that
(adj(B))* = O,

where O,, is the n X n zero matrix. Here, adj(B) is the adjugate matrix of B.

80




462. Let A be a real m x n matrix with rational entries and let b be an m-tuple
of rational numbers. Assume that the system of equations Az = b has a solution x
in complex n-space C". Show that the equation has a solution vector with rational

components, or give a counterexample.

463. Prove that a real n x n matrix A satisfying (A + AT)*™2 4 2(A + AT)* =

3(A + AT)* for some positive integer & has nonnegative sum of entries.

464. Let A, B be nilpotent n x n complex matrices with A2B — 2ABA + BA? = A.
Show that there exists a finite set S C M,,(C) containing B such that AX — XA +
X+ AeSforall X € Sifand only if A =0,

465. Let A€ M,(C) and a € C, a # 0, such that A — A* = 2al,, where A* = (A)'
and A is the conjugate of the matrix A.

(a) Show that |det A| > |a|".

(b) Show that if |det A| = |a|™ then A = al,.

466. Let integer n > 2, ay,as,...,a, be real numbers. The matrix
(000 - 0 a ]
00 -+ 0 a
010 --- 0 ag
A = . . . . .
00 -+ 0 ap
000 -~ 1 a, |

For the linear space V = {X € M,(R) | X' = X}, linear transformation F': V — V,
F(X)=AXAT. Find tr(F) and det(F).

467. Let S (R) denote the set of real symmetric n X n matrices with positive
eigenvalues. Let A € SF(R). We want to show that there exists a unique matrix
B € §'(R) such that

B*= A

(a) Prove existence.
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(b) Show that if B € S;"(R) satisfies B* = A, then for every A € Sp 4,
Ker(B — VAL,) C Ker(A — \I,)

and then
Ker(B — VAL,) = Ker(A — \I,).

(¢) Conclude uniqueness.

468. Let ST (R) denote the set of real symmetric n x n matrices with positive
eigenvalues. Let S € S (R).

(a) Show that there exists a matrix A € S} (R) that is a polynomial in S satisfying

A2 =38

(b) Let B € S(R) satisfy B> = S. Show that B commutes with A, and hence

B=A.
469. Let
10 =9 0 0O 0 -9
-9 10 -9 0 0 O
0 -9 10 -9 0 0 O
= 0O 0 -9 10 -9 0 0 O
0O 0 0 -9 10 -9 0 O
0 0 O -9 10 -9 0
o o0 o0 o 0 -9 10 -9
-9 0 0 O O 0 =9 10
Let the eigenvalues of A be Ay < --- < Ag, find Ag.

470. Let A be a real symmetric positive matrix of size n. For a > 0, let
So={M e S,(R) | SpM C R, and det(M) > a}.
The goal is to prove the formula:

inf tr(AM) = n(adet(A))/".

MEeS,
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(a) Prove the formula in the case A = I,,.

(b) Show that every real symmetric positive matrix A can be written as A ="PP

for some square matrix P of size n.
(c) Prove the formula.

(d) Is the result still true if « = 07

471. Let m,n,k be positive integers. Define a linear transformation f : M, —
kan- Let

W = {L | L(AB) = L(A)B, YA € Myyn, B € Myxn}.

Find dim W.

472. Let n be a positive integer and C' be the n x n matrix with entries

(k+O)m

C’kg:cos( ) for 0 <k, 0/ <n-—1.

Calculate det C.

473. Let A € M,,(C) such that A*A*> = AA*. Prove that A% = A. (Here we denote
by A* the conjugate transpose of A.)

474. Determine the matrices A € M, (C), n > 2, with the property that rank(A?) +
rank(B?) > 2rank(AB) for every B € M,,(C).

475. Let A be an n x n matrix such that A* = I,,. Prove that A% + (A + I,,)* and
A? + (A — I,,)? are invertible.

476. Let p be an odd prime number and A € M,,(Q) a matrix such that det(A” +
I,) =0 and det(A + I,) # 0. Prove that:

(a) Tr(A) is an eigenvalue of A + I,,.

(b) det(A+I,) —det(A—1I,) = (p—1)Tr(A) + 2.
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477. Let k,n be natural numbers, x1, s, ..., x; be distinct complex numbers and
the matrix A € M,,(C) such that (A — x,1,,)(A — x31,) - - - (A — zx1,) = O,,. Prove
that

rank(A — x11,,) + rank(A — x91,,) + - - - + rank(A — z1,) = n(k — 1).

478. Let K be a field and let n > 1. Let A, B € M,,(K) such that [A, B] commutes
with A or B.

If char K = 0 or char K > n then it is known that [A, B] is nilpotent, i.e., [A, B]" = 0.
Prove that this result no longer holds if 0 < char K < n. (Here by [, -] we mean the
commutator, [A, B] = AB — BA.)

479. Prove that, for a matrix A € M,,(C), the next assertions are equivalent:
(a) A% = A4;

(b) rank A 4 rank(I, — A) = n.

480. Consider matrices A, B € M, (R).

(a) Show that there exists a > 0 such that, for every ¢ € (—a,a), € # 0, the matrix
equation
AX +eX =B, XeM,R),

has a unique solution X (¢) € M,,(R).

(b) If B?> = I,, and A is diagonalizable, show that
lir%s Tr(BX(g)) =n —rank A,
e—

where Tr denotes the trace of a matrix.

481.

(a) Show that for every matrix X € My(C) there exists a matrix Y € My (C) such
that V° = X2,

(b) Show that there exists a matrix X € Mj3(C) such that for every matrix ¥ €
M;3(C), Y3 #£ X2
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482. Let n,k € N* and let Ay, ..., Ax € M, (R) be idempotent matrices. Show that

k k
E (n —rank(A4;)) > rank | [, — HAi
i=1 1=1

k

483. Let Hy = E 1/, and let D,, be the determinant of the (n + 1) x (n + 1)
j=1

Hankel matrix with (¢, ) entry H,;jq for 1 < 4,5 < n. (Thus, D; = —5/12 and
Dy =1/216.) Show that for n > 1,

n

[
Do =l E (=1)Y(n+j5+1)\H;,
n 2n+1 ’

3G+ D —j)!
Hi! =0

=1

Hint. Let H be the (n+ 1) x (n+ 1) Hilbert matrix with (i, 7) entry 1/(i + j + 1) for
0 <1i,5 <n. Show that

n

[

det(H) = 55

Hi!.

484. Let A be a positive-definite n x n Hermitian matrix with minimum eigenvalue
A and maximum eigenvalue A. Show that

(s A)n < () < (G an - A>n'

n
Hint: Notice that tr((A + AI)™!) = E 1/(A 4+ Ag), where Aq,..., A\, denote the
k=1

eigenvalues of A.
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485. Let A be an r x r matrix with distinct eigenvalues \{,...,\,. For n > 0,
let a(n) be the trace of A". Let H(n) be the r x r Hankel matrix with (¢, j) entry
a(i+ j +n —2). Show that

n—o0

.
lim | det H(n)|"™ = H|>\k|.
k=1

486. Let M be the set of all 3 x 3 matrices with complex entries. Suppose A, B € M
with AB = BA and Tr(A") = Tr(B*) for k € {1,2,3}. Suppose further that n > 4
and that A™ — B" is invertible. Prove that there exist complex numbers «, 3, such
that

A* + B* 4 A"B" + a A" + BB™ + 41 = 0.

n

487. Let n be a positive integer, and let A = (a;;) be the n X n matrix with

ij=1
a; = 2, a;;41 = —1, and a;; = 0 otherwise; that is,

2 -1 0 0 0 0 O

-1 2 -1 0 0 0 O

0 -1 2 -1 0 0 ©

0 -1 2 0 0 ©
A= _

0 0 2 -1 0

0 0 =1 2 =l

0 0 0 -1 2

Prove that every eigenvalue of A is a positive real number.

488. Let A be a real symmetric n X n matrix with nonnegative entries. Prove that

A has an eigenvector with nonnegative entries.

489. Let A, be the n x n matrix whose entries a;; are given by

1 if|j—kl=1
ajk =
0 otherwise.

Prove that the eigenvalues of A are symmetric with respect to the origin.
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490. Let A = (a;;);;—; be areal n x n matrix with nonnegative entries such that

n

i=1

Prove that no eigenvalue of A has absolute value greater than 1.

491. Let S be a special orthogonal n x n matrix, a real n x n matrix satisfying
S'S = I and det(S) = 1.

1. Prove that if n is odd then 1 is an eigenvalue of S.

2. Prove that if n is even then 1 need not be an eigenvalue of S.

492. Let A and B be two n x n self-adjoint (i.e., Hermitian) matrices over C such
that all eigenvalues of A lie in [a, d’] and all eigenvalues of B lie in [b,0']. Show that
all eigenvalues of A+ B lie in [a + b,a’ + V.

493. Let k be real, n an integer > 2, and let A = (a;;) be the n X n matrix such
that all diagonal entries a;; = k, all entries a;,;1; immediately above or below the

diagonal equal 1, and all other entries equal 0. For example, if n = 5,

I

I
o O O = X
[
[ R - i e)
_ X = O O
™= O O

Let Apin and Ap.x denote the smallest and largest eigenvalues of A, respectively. Show
that Apin < k —1 and Apax > &k + 1.

494. If Ais an n x n matrix such that A* = pA® + ¢gA + 71, determine (A — I)~*

assuming it exists.

495. Let r,s,t be non-zero linear transformations on a finite-dimensional vector

space V such that rotor = 0. Let p=ros and ¢ = r o (s +t), and suppose
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that the minimum polynomials of p, ¢ are p(X), ¢(X) respectively. Prove that (with

composites written as products)
(1) ¢" =p" *qand p" = ¢" 'p for all n > 1;
(2) p(X) and ¢(X) are divisible by X;
(3) g satisfies Xp(X) = 0, and p satisfies Xq(X) = 0.

Deduce that one of the following holds:

(i) p(X) = Xq(X);

(iii) ¢(X) = Xp(X).

496. A 3 x 3 complex matrix M is said to be magic if every row sum, every column
sum, and both diagonal sums are equal to some ¥ € C.

If M is magic, prove that 1 = 3mas. Deduce that, given «, 3, € C, there is a unique
magic matrix M («, 3,7) such that

Moy = mi = a+ 5, mz1 = o+ 7.
Show that {M(«, 5,7) | «, 8,7 € C} is a subspace of Matzx3(C) and that
B ={M(1,0,0), M(0,1,0), M(0,0,1)}

is a basis of this subspace.
If f:C* — C® represents M(a, 3,7) relative to the canonical basis {ey, s, e3}, show
that e; + e; + e3 is an eigenvector of f. Determine the matrix of f relative to the

basis {e; + €2 + €3, €2, e3}. Hence find the eigenvalues of M(a, 3, 7).

497. If V is a finite-dimensional vector space over a field F' and e, f € L(V, V) are
projections, prove that Ime =Im f if and only if eo f = f and foe=e.

Suppose that eq,..., e, € L(V, V) are projections with Ime; = Imey = -+ - = Im ey.
k

Let A1,..., A\x € F' be such that E A; = 1. Prove that

=1

6:)\161+>\262+"'+>\k6k
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is a projection with Ime = Ime;.
k

Is it necessarily true that if fi,..., fx € L(V,V) are projections and E A; = 1 then
=1

k
E i fi is also a projection?

1=1

498. A net over the interval [0, 1] of R is a finite sequence (a;)o<;<n+1 such that
O=agy<a; < - <ap<ap =1.

A step function on [0,1) is a mapping f : [0,1) — R for which there exists a net
(a;)o<i<nt1 over [0,1] and a finite sequence (b;)o<i<, of elements of R such that
f(z) =b; for all x € [a;, a;y1).

Show that the set E of step functions on [0, 1) is a vector space over R and that a
basis of E is the set {ex | k € [0,1)} of functions e, : [0,1) — R given by ex(z) = 0 if
O<z<kandey(r)=1ifk<z<l1.

A piecewise linear function on [0,1) is a mapping f : [0,1) — R for which there
exists a net (a;)o<i<ns1 and sequences (b;)o<i<n, (¢;)o<i<n Of elements of R such that
f(z) = bx + ¢; for all z € [a;,a;11).

Let F' be the set of piecewise linear functions on [0, 1) and let G be the subset of F’
consisting of the piecewise linear functions g that are continuous with ¢g(0) = 0. Show
that F,G are vector spaces over R and that FF = EF & G.

Show that a basis of G is the set {gx | £ € [0,1)} of functions given by gy(z) = 0 if
O<z<kand gp(z) =z —kifk <z <l

499. A square matrix A = (a;j)nxn Over a field F is given. Suppose that there are
scalars x;,y; € F such that a;; = z; +y; (1 <4,j <n). Prove that rank(A4) < 2.

500. Let F be a field, n € N, and A € M, (F) with rank(A) = 1. Prove

det(I +A) =1+ tr(A).

501. Let A, be the n x n (0, 1)-matrix with 1s in exactly those positions (j, k) such
that n < 7+ k <n+ 1. Find the eigenvalues of A,.
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502. An n-dimensional vector space V' and a linear transformation 6 : V' — V are
given. Consider the powers of 6, i.e., 8° = 1,6,62,.... Prove that there is a nonzero

integer s such that
V =im(6°) & ker(6°).

503. Let Aq,..., A, be mutually commuting m x m matrices such that A? = 0 for
all 1 <7< n. If m<2" prove that AjAy--- A, =0.

504. Let V,, be the vector space of polynomials of degree less than n over the field
R. If D € L£(V,,V,) is the differentiation map, find Im D and Ker D. Prove that
ImD ~V,_; and that Ker D ~ R. Is it true that

V,=ImD & KerD?

Do the same results hold if the ground field R is replaced by the field Z,?

505. Let V be a finite-dimensional vector space and let t € L(V, V). Establish the
chains
VOoImt2O2Imt? D - DImt" D Imt"™' D .- ;

{0} C Kert C Kert? C --- C Kert" C Kert"t' C - ..
Show that there is a positive integer p such that Im#* = Im t*™' and deduce that

(VE>1) Imt? = Im "™ and Kert? = Ker .

Show also that
V =Imt’ @ Ker t?

and that the subspaces Im ¢ and Ker ¥ are t-invariant.

506. Let V be a vector space of dimension n over a field F and let f : V — V
be a non-zero linear transformation such that f o f = 0. Show that if Im f is
of dimension r then 2r < n. Suppose now that W is a subspace of V such that
V = Ker f @ W. Show that W is of dimension r and that if {wy,...,w,} is a basis of
W then {f(w1),..., f(w,)} is a linearly independent subset of Ker f. Deduce that
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n — 2r elements x1, ..., x,_9 can be chosen in Ker f such that

{wy, ..., we, flwr),..., flw.),T1,. .., T2}

is a basis of V.
Hence show that a non-zero n x n matrix A over F is such that A? = 0 if and only if

A is similar to a matrix of the form

0, 0O
I, 0
0 0

507. For n x n matrices A, B, let C' = AB — BA. If C' commutes with both A and
B, then

(a) Show that AB* — B¥A = kB*~'C for every positive integer k.

(b) Show that there exists a positive integer m such that C™ =0

508. Let A be an n X n matrix with real entries. Prove that

tr(A) 1 0o -

tr(A?) tr(A) 2 0
det(A) = l'det tr(A%)  tr(A?)  tr(4) 3

n: : : : P : 0

tr(A"Y) tr(A™?) - o tr(A) n—1

tr(A™)  tr(A™h) o o (A% tr(A)

509. Let n > 3 be an integer, and let A, = (a;;) € M, (R) be the matrix whose

entries are defined piecewise by

1 ifi=jori=j—1,
a;; =41 if (4,j) = (n,1),

0 otherwise.

Compute det(A,).
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510. For A € M,,xn(R), B € M,x.n(R), prove rank(l,, + AB) — m = rank(I, +
BA) —n.

511. Let A, B € M,(R) with A®> + B = BA, then prove that AB = BA.

512. Does there exist a linear map f : Maps(R) — Mages(R) with f(f(A)) =
2A + 3AT for all A?

513. Let M be the set of real 2026 x 2026 matrices with at most two 1’s per row
(all other entries 0). Find |{det(A) : A € M}|.

514. Let A, B € M, (R), [A, B] := AB — BA, then prove that tr([A, B]) = 0.

515. Let C € M,(R) have tr(C) = 0. Prove that C is a sum of commutators
[A17 Bl] +oot [Aka Bk]

516. Let A € M,(R) be a diagonal matrix whose characteristic polynomial factors

as
S
H(az — )™,
=1
where x4, ...,z are pairwise distinct real numbers and ny + --- 4+ n, = n. Let

V ={B € M,(R): AB = BA}

denote the centralizer of A in M, (R). Prove that

S
dimg V = E ns.
1=1

517. For ag,...,a, € R, let V = {f € C*¥[0,1] : anf™ +--- 4+ aof = 0 on [0,1]}.
Show V is a subspace of C*[0, 1] and find dim V.
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518. For A, B € M,(R) with A*> + B?> = AB, prove that if BA — AB is invertible
then 3 | n.

n

519. For a linear operator A, prove dim Ker A" = dim Ker A + E dim(Im A* N
k=1

n
Ker A) and dim Im A = dim Im A™** + E dim(Im A* N Ker A).
k=1

520. Let X,Y € M3(R) with X?+YX +Y? = XY and F(X) <0 (sum of order-2
principal minors), then prove that (XY)? = X?2Y?

521. For M € M,(R), A= M”"M: show eigenvalues of A are non-negative; and if
(X;) is orthonormal with (M X;) orthogonal, show X; are eigenvectors of A.

522. For A = (a;;) € S;f(R) with largest diagonal entry m, show |a;;| < m for all
1,7.

523. For symmetric A € M,,(R) with non-negative eigenvalues, show tr(AU) < tr(A)
for all U € O,(R).

524. For A, B € S,(R) with non-negative eigenvalues:

(a) Show that there exists a symmetric matrix C' such that C? = A.

(b) Show that
det(A) + det(B) < det(A + B).

525. For symmetric positive A € M, (R) with all non-zero entries, let B have entries
1/a;j. Show B € S} (R) <= rank(A) = 1.

rank M + rank M3
5 .

526. Let M € M,(R), then prove that rank M? <
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527. Let A, B € My(R) with det(4 — B) =0 and A* + BA + B® = AB. Determine
A2026 32026

528. For A, B € M,(R) with A, B, A+ B invertible and A™* + B! = (A+ B)™*,
show det A = det B.

529. Let T : V — V be linear with non-zero eigenvectors vy, ..., v, of distinct
eigenvalues A1, ..., \,; prove vy,...,v, are linearly independent (and deduce linear
independence of sin(c;z), ..., sin(c,z) for distinct positive ¢;).

530. Prove A, B € M,(C) have a common eigenvalue if and only if AX = X B for
some X # 0.

531. For an n x n positive definite real matrix A, show A = B? for some symmetric

B; for positive definite C', D, show all eigenvalues of C'D are real and positive.

532. If the characteristic polynomials of zA; + yA, and xB; + yBs (symmetric
A;, B;) agree for all x,y, must there exist an orthogonal U with UA;U” = B;, i = 1,2?

533. For T4(X) = AX A" on M,(R), prove tr(T,) = tr(A)* and det(T,) = det(A4)*".

534. Let A be a real symmetric m x m matrix with m distinct eigenvalues and
V1, ..., Uy be the corresponding eigenvectors. Let C' be an m x m matrix satisfying

(Cvj,v;) =0 for 1 < j < m. Prove that there exists an m x m matrix X such that
AX - XA=C.

535. Suppose V is a finite dimensional real vector space, and
T:V =V

is a linear transformation such that Rank(7T?) = Rank(T).
(a) Prove that Ker(T) = Ker(T?).

(b) Prove that Ker(T)NT(V) = {0}.
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Here T(V) ={T(v) : v € V}.

536. Let V be a finite dimensional real vector space and suppose P, P, are two

non-zero linear transformations from V' to V' such that the following conditions hold:
e P+ P, =1, I is the identity map from V to V.
e PLP,=PP =0.
Prove the following statements:
(a) P? =P, fori=1,2.
(b) Let i € {1,2}. Then prove that the following statements are equivalent:

(i) v e P(V).

537. Let V be a finite dimensional real vector space and T': V — V' a linear map
which is diagonalizable. Let A be an eigenvalue of 7" and W = Ker(T' — AI), where
I :V — V is the identity map.

(a) Show that there exists a subspace U of V' such that

UNnW ={0} and V={u+w:ueclUweW}

(b) Suppose S : V — V is a linear map such that ST = T'S. Prove that S(U) C U
and S(W) C W.

538. Let n be a positive integer, and let A be the 2n-by-2n skew-symmetric matrix
with (g, k)-entry sin(j — k)/sin(j + k). Prove

det(A) = H (%Y

1<j<k<2n
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539. Let A be an m X n real matrix.

(a) Show that N(A)NIm(A") = {0}, where A" is the transpose of A, Im(A) is the
image of A and N(A) = {v € R" : Av = 0}.

(b) If for two suitable matrices B and C', AAT B = AATC then show that A" B =
ATC.

540. Let V be a finite dimensional vector space over R. Suppose that a subset

A C V has the following property: For any finite set of scalars a1, as, ..., a, € R which
n
satisfies E a; = 1 and any vectors vy, vs, ..., v, € A, aqv; + asvy + - - - + a,v, € A.

i=1
Show that A = xg + W for some zy € V and some subspace W of V, where
o+ W ={zg+v:veW}

541. Suppose a;; € [0,1] for 1 <i<nand 1 <j <n. Let B be the n-by-n matrix

n

with (7, j)-entry b; ; defined by b; ; = a; ; when j #i—1 and b;; = — E a;; when

k=1
j=i—1.

(a) Evaluate det(B) in the case where a; ; = 1 for all ¢ and j.
(b) Show that the value in part (a) is the maximum possible value of det(B).

(c) Show that det(B) > 0 in all cases.

542. Given real numbers x1,..., s, let A be the skew-symmetric 2n-by-2n matrix

with entries a; ; = (z; — z;)* for 1 <i < j < 2n. Prove

det(A) = 471 (21 — 23) (22 — T3) - - - (Tan_1 — Tan) (Tan — 1))

543. Let n be a positive integer, and let A and B denote n-by-n real symmetric
matrices with nonnegative eigenvalues. Prove that A®° + B® = (A + B)® if and only if
AB = 0.

544. Let J be a 2 x 2 real matrix such that J> = —I, where I is the identity matrix.
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(a) Show that if v € R* and v # 0, then the vectors v, Ju € R? are linearly

independent.

(b) Show that there exists an invertible 2 x 2 real matrix U such that

UJUu-! = 0 —1 .
1 0

545. Suppose V is a 3-dimensional real vector space and T": V' — V is a linear map
such that 7° = 0 and 72 # 0.

(a) Show that there exists a vector v € V such that the set {v, T'(v),T?(v)} is a
basis of V.

(b) Suppose S : V — V is another linear map such that S* = 0 and S? # 0. Show
that there exists an invertible linear map U : V' — V such that S = UTU .

546. Let M, (F) be the set of n-by-n matrices with entries in a field F. Find all
symmetric and invertible matrices A € M, (R) for which there exists an invertible
matrix B € M, (C) such that

AB+ BA = B(A*+ 1),

where [ is the n-by-n identity matrix.

547. Let A be a diagonal matrix of order n (n > 1) such that the characteristic
polynomial of A is

(x — 1) (x — @)™ -+ (x — )™,
where x1, xs, ..., 7, are distinct real numbers and ny, ns, ..., n, are positive integers
such that ny + ny + - -+ +ns = n. Denote by V the space of all real square matrices
B of order n such that AB = BA. Prove that
dimg V =n? +n3+--- +n?

s°

548. Suppose that A;, As, ..., Ay are elements of Myges(R) satisfying the following
conditions:
A? = Ogpp5, V1<i<I1I,
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Show that A1A2 cet All = 02025.

549. Let a € C and A, B € M, (C) be two n X n square complex matrices satisfying
A= AB - BA+ A’B—2ABA+ BA®.

Show that A is nilpotent.

550. Suppose f: M, (R) — R, satisfies the two conditions:
1. Multiplicativity: YA, B € M,(R): f(AB) = f(A)f(B).

2. Local boundedness: VA € M,(R), f(A) < C(]|A|]2), where C : R5g — R>p is a

monotonous function, and the norm || - ||2 is defined as

[ TATA
1A]l> =y [sup ————.
v#£0 Vv

Find all functions f satisfying such conditions.

551. Let A € M,,(R) be a symmetric matrix, i.e., a;; = aj; for every 1 <4i,j < 2n.

Assume further that A admits 2n eigenvalues such that
M2 2 A > 1> Ay 2000 2> Ao

Define V = {z € R* : 27 Ax = 2"2}. Show that V contains a vector subspace of

dimension at least n.

552. Let V be a finite set of vectors in R? such that

Z\v\ — 7

veV
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Prove that there exists a subset U of V' such that

E v| > 1.

velU

553.
Find all fields F' and vector spaces V over F' (up to isomorphism) for which every

function
V-V

that satisfies
f(ev) = cf(v)

for all v € V and ¢ € F is linear, that is, also satisfies

f(or +v2) = f(vr) + f(v2)

for all vy,vy € V.

554.

For non-negative integers 7 and j, define

iGi—1)--(i—j+1), ifl<j<i
ifi=0and j >0, or j=0and >0,

0, if j>4> 1.

Now let m be a positive integer. Prove that every m x m submatrix of the infinite

matrix
(a2i5)
with
0<7<m—-1 and 1>0

has rank m, and, in addition, that
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for
0<j<m—1

and any
ke N.

555.
Evaluate the (n 4 2) x (n 4 2) symmetric determinant

0 1 1 1 1

1 0 aq as an,

1 aq 0 a+as -+ a1 +ay
1 ay ay+a 0 ceagtap|
1 a, a,+a1 a,+ay --- 0
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